¥ INTERNATIONAL CONFERENCE
ON COMPBINATORICS,

CRYPTOGRAPHY AND

Iran University of COMPUTATION

Science &Technology

Proceedings of the 2" International Conference on Combinatorics, Cryptography and
Computation (14C2017)

A collocation approach for solving fractional pantograph differential
equations

Haniye Dehestani, Yadollah Ordokhani
Department of Mathematics, Faculty of Mathematical sciences, Alzahra university
Tehran, Iran
h.dehestani@alzahra.ac.ir; ordokhani@alzahra.ac.ir

ABSTRACT

In this paper, a new numerical method for solving fractional pantograph differential equations is
presented. The transformation matrix of Bessel polynomials to Taylor polynomials and Taylor operational
matrix of fractional integration are used to transform the equation to a system of algebraic equations.
Illustrative examples are included to demonstrate the validity and applicability of the technique.

KEYWORDS: Bessel polynomials, Fractional pantograph differential equations, Operational
matrix of fractional order.

1 INTRODUCTION

In recent years use of fractional-order derivative going very strongly in engineering and life
sciences and also in other area of sciences such as thermal systems, turbulence, image processing, fluid
flow, mechanics, viscoelastic and other areas of applications (Bai et al. 2007), (Miller et al., 1993),
(Podlubny, 2002). Recently, the paper (Yzbasi, 2013) presented a collocation method based on the
Bernstein polynomials for the fractional Riccati type differential equations, the authors (Kazem et al.,
2013), introduced fractional-order Legendre functions for solving fractional-order differential equations,
the authors (Rahimkhani et al., 2017), applied generalized fractional-order Bernoulli wavelet for solving
fractional pantograph differential equations. In this paper, we consider the fractional pantograph
differential equation.

D“u(t) = F(Du(q,t), Du(q,t),---,D""u(q,t)), m-1l<y<m,
u®(0) = 4, i=01--,m-1,
here, O<qj <1 and 037/]. <y<m, j=01,--,l

@)

2 PRELIMINARIES AND NOTATIONS

We give some basic definitions and properties of the fractional calculus theory, which are used
further in this paper (Podlubny, 2002).
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Definition 2.1. The Riemann-Liouville fractional integral operator of order & >0, of a function f is
defined as

1% f (x) = % jox(x —t)*ty(t)dt, x>0,

1°f(x) = ().
Definition 2.2. The fractional derivative of f (Xx) in the Caputo sense is defined as

DUf(X)= 1™, D" f(x) = ﬁﬁ(x—t)m‘l £ e,

form-1<a<m,meN, x>0, where D:%.

3 DESCRIPTION OF THE METHOD

The m-th degree truncated Bessel polynomials of first kind are defined by (Yuzbasi et al.,
2012)

LS PPN
Jn(t):g;ﬁ(é)z“”, 0<t<oo, (2)

where N is chosen the positive integer so that N >nand n=0,1,---,N. We can transform the Bessel
polynomials of first kind to in N-th degree Taylor basis functions. In matrix form as
J®=DT(), @)
D is the transformation matrix, which defined in (Yuzbasi et al., 2012) and
IO=[3,0.30.30l.  TO=[LOTLO.T0f.
To solve Eg. (1) with conditions, we assume the highest order of derivative is 2,
u”(t)= A" J(t) = ATDT(t), 4)

where

A=[a,,a,---a,].

By integrating Eq. (4) of order 2, we get

u'(t) = ATDJ:T(n)d77+u'(O) —tATDLT (t) + 4, ©)
and
u(t) = AT DLI;nT (17)d7 +tu’(0) + u(0) = t? AT DLST (t) + A, + Ay, )
where
. 1 1 .11 1
L =diag(L,=,--,——), S=diag(=,=,"-,——).
9 2 N+1) g(2 3 N+2)
For 0 < » <1, integrating from Eq. (5), we get
D7u(t) =177 (u'(t)) =t"7ATDLE[T () + iulf )
I'(2-7)
Also, by using Eq. (4) for 1< y < 2, we obtain
D7u(t) = 127 (u"(t)) = t? AT DLSET (t), )

where
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rQ ) I'(N+1) ),
F@2-7)'T@-y7) 'T(N+2-7)
=~ . I'2 e I'(N+2
E7 — diag( &) | ©) (N+2) )
IF@-y) T(4-y)" 'T(N+3-y)
Here, by substituting Egs. (4)-(8) in Eqg. (1), we obtain a system of algebraic equations. Then, we
collocate this system at the following points
21
'2N+D)
which can be solved this system for the unknown vector A by using Newton's iterative method.

& =diag(

i=12,---,N+1,

4 ERROR ESTIMATION

In this section, we investigate the convergence analysis of our proposed method. We assume that
f(t) is a sufficiently smooth function on [0,1] and p, (X) is the interpolating polynomial to f at

points t;, where t;, 1=01,---,N are the roots of the (N + 1)-degree shifted Chebyshev polynomial in
[0,1], then we have (Podlubny, 2002)
f PR 01
t - t 1 € ] 9
O- Py ="y L€t §<iom ©)

therefore, we obtain

| FO)-py®) < (10)

N
22NN+
where M, = m%l f ().

Theorem 4.1. Suppose u(t) e C"*"*[0,1] and u, (t) = AT J(t) be the approximate solution obtained by

the present method in previous section. If Uy (t) = AT (t) be the Bessel polynomials of first kind
expansion of the exact solution u(t), where

IO =[3,0.5,0. 3,0, A=[3,a, 3],

and

T . ( 1) t 2k+n
J (t E , 0<t<oo,
0= 2 ke 2 *

where the set of Bessel polynomials of first kind J (t) in L*[0]] is orthogonal with respect to the
weight function w(t) =t,
1 T 2 1.~ 2
J, WL, OF dt = 213, 0"
Then obtain the upper bound of the error, as

M ~
@ -u @l <——=———+IA-Al, Oy +] All, @y, (11)
w2 (N 1)

where
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oy =| 25,07 : S 1
N _|:;E[ n+1( )] :| | & [;n (k|(k+n)|22k+n) (4k+2n+2)
Proof: We can write
@ -uy@ll. < fO-aO . +1TO-uy®l., (12)

since U, (t) is the best approximation of u(t), we have

1 O-GOl,=([I fO-ATOF @] <[ [110-p©F ]

1
M} E M,
S((ZZN”(N +1)!)2jotdt} I
27 2(N +1)!

(13)

Also, we have

13, -y O, ia L0,

-Y 2,0, +13a5,0-3 8,01,

n=0

4> @E -a,)3, Ol +||Za CNGERRG)]H

5

I Mz S

o H 2
=z

= E_i(é‘n ~a,)J, (t)} tdt]2 + .[:{ian(jn(t)—\]n(t))} tdtT

i
o

1| N

AN PIFAC tdth +[jj{i| o 313,0-3,0 |2}tdt]2

IN

sn/"&—Anz[ijjtﬁn(t)FdtT+||A||2{i[jtﬁn(t)—%(tnzdtT, (14)

| .1l, is 2-norm of vectors. Therefore, by use of orthogonality property of Bessel polynomials, we
get
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1 2 2

i (_1)kt2k+n tdt
o KIGk + n)12+n

1

|| GN(t)—uN(t)||LzWS||Z\—A||2[Z 352 Q) } AL | 2

n=0 0

ke[
1
_ _1 2
IR-AlL | 320500 [ +1al 3] 3
< B 5 LY+ + +n
2_n:02 ' 2 n=0 Ok[Nn (k'(k+n)'22k )2
_1
~ (N1~ 3
S A= AL | 300,07 (15)
L n=0

N 1
+] A at
2

kel

According to Eqg. (12)-(15), we determine the upper bound of error.

5 NUMERICAL RESULTS

In this section, two examples are given to demonstrate the applicability and accuracy of our
methods.

Example 5.1. Consider the fractional pantograph differential equation (Rahimkhani et al., 2017)
D7u(t) = %u(t) + u(%t) + D”u(%t) +% Dyu(%t) —t*-2+41, O<y,<y<2 (16)

subject to the initial conditions u(0) =u’(0) =0. In the case y, =1y =2, the exact solution is

u(t) =t?. By applying the proposed method with N =1 and », =1, » = 2, we obtain the exact solution.
This example considered in other papers, results show that present method more accurate than these
methods. Maximum absolute error with 7, =1, = 2on the interval [0,1] for Runge-Kutta method is
5.34x1073, the one-Leg @ method is 2.81x107, the variational iteration method is 5.55x107% and
generalized fractional-order Bernoulli wavelet method (FBWM) (Rahimkhani et al., 2017)

1.39x107"°, From Figure 1. (a), we see that, as 7 approaches 2, the numerical solutions converge to the

exact solution. So that, the results of Runge-Kutta method, the one-Leg € method and the variational
iteration method are considered in (Rahimkhani et al., 2017).
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Figure 1: a) Approximation solutions for y, =1and y =1.41.6,1.8,2, with N = 1 of Example 5.1. b)
The comparison of u(t) for ¥ =0.7,0.8,0.9,1, with N = 3 of Example 5.2.

Example 5.2. Consider the fractional pantograph differential equation (Rahimkhani et al., 2017)
4 4
D7u(t) =—u(t) + 0.1u(gt) + 0.5D7u(gt) +(0.32t —0.5) exp(-0.8t) + exp(-t), O0<y <1, (17)
subject to the initial condition u(0) =0. In the case y =1, the exact solution is u(t) =texp(-t). In
Table 1, we compare the absolute errors of the proposed method for ¥ =1 with method in (Rahimkhani

et al., 2017), variational iteration method and Runge-Kutta method. From Figure 1. (b), we see that, as y
approaches 1, the numerical solutions converge to the exact solution.
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Table 1 Absolute error with different values of N with » =1 for Example 5.2.

t Present method FBWM Variational Runge-Kutta
N=3 N=6 N=8 K=2, M=6 iteration method method
0.1 | 222x10™* | 5.46x107° |2.30x107%° | 4.98x107® 1.30x107° 8.68x107*
03 | 124x10™* | 459x10° | 1.10x10° | 7.78x107° 2.63x10°° 1.90x107°
0.5 | 565x10° | 1.59x107 | 556x10° | 6.34x107° 2.83x10°° 2.28x107°
0.7 | 454x10° | 4.66x107 | 1.47x107 | 4.36x10° 2.39x10°° 2.27x10°°
0.9 | 834x10° |1.06x10° | 2.84x107 | 2.80x107° 1.64x107 2.03x10°°

6 CONCLUSION

In this work we derive operational matrix of fractional derivative and use it to solve pantograph
differential equation of fractional order. Our numerical finding are compared with exact solutions and
with the solutions obtained by some other methods. The results of numerical examples demonstrate that
this method is more accurate than some existing methods.
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