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Asbtract

For a graph G, the first and second multiplicative Zagreb indices are de-
fined as [],(G) = [l ey (e d(v)? and [1, = [L,uep@ d(u)d(v), respectively,
where d(v) is the degree of the vertex v in the graph G. Let QT}(n) be the set
of t-generalized quasi-trees with n vertices. In this paper, we determined the
extremal elements from the set QT;(n) with respect to the first and second
multiplicative Zagreb indices.

keyword: t-generalized quasi trees, multiplicative Zagreb indices, degree
of vertex, extremal graphs.
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1. Introduction

Let G = (V(G), E(G)) be a graph, where V(G) is the set of vertices and
E(G) represents the set of edges of the graph G. All graphs considered in
this paper are finite, simple, connected and undirected. For notations and
terminology not defined here see [3]. The degree of a vertex v € V(G) in a
graph G is the number of vertices adjacent to the vertex v in G, it is denoted
as d(v). The minimum degree in a graph G is denoted as 6(G). For a vertex
v € V(G), the graph G — v is a graph obtained from G by removing the
vertex v and its incident edges. Let V; denotes the subset of vertex set V(G)
with cardinality ¢ in a graph G, then G — V; is the graph obtained from G
by removing all the ¢ vertices in the subset V; and its incident edges.

In a graph G, if there exist a vertex v € V such that G — v is a tree
then such a vertex v is called a quasi vertex and the graph G is called a
quasi-tree. Similarly, a graph G is called a t-generalized quasi tree, if there
exist a subset V; C V(G) such that G — V} is a tree but for any other subset
Vi1 C V(G), G—V,_; is not a tree. The vertices in V; are called the t—quasi
vertices or simply quasi vertices. In a tree, deletion of any vertex with de-
gree one will deduce another tree it follows that any tree is a quasi-tree.
Trees are called trivial quasi-trees and other quasi-trees are called non-trivial
quasi-trees. QT;(n) is the collection of nontrivial t—generalized quasi-trees
with n vertices. The complete, path, star, double star graphs and tree with n
vertices are denoted as K,,, P,,, Sy, Sy, (Where p+q = n) and T,,, respectively.

Let G; and G5 be two vertex disjoint graphs. 7 + G5 denoted the join
graph of G and G; with vertex set V(G; + G2) = V(G1) UV (G;) and the
edge set E(G7 + G2) = E(G1) U E(Gs) U{uv|u € V(Gy),v € V(G3)}. Let
u,v € V(Gs), Gye,,Gs represents the graph having vertex set V(G1)UV (G2)
and obtained by joining every vertex of (G; to vertices u and v of Gj.

In 1972, Gutman and Trinajsti¢ [§] introduced the oldest degree based
topological indices under the name first and second Zagreb index and defined
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as

In 2010, Todeschini and Consonni [I12] proposed the multiplicative ver-
sions of Zagreb indices. The first and second multiplicative Zagreb indices of
a graph G are defined as

[T = 11 dwy?

1 veV(G)

[I©= T[ dwdw)= ] dw®
2 weB(G) vev(Q)

For history, mathematical properties and applications of the Zagreb in-
dices we refer [2], 4] 6] [7, [0} [1TT], T3], [14].

In [I] and [I0] Jamil et. al. determined the bounds on first and second
Zagreb and Zeroth-order general Randic index for t-generalized quasi-trees,
respectively. In this paper, we investigated the bounds on multiplicative
Zagreb indices and characterized the extremal graphs.

2. Main Results

In this section, first we will discuss some preliminaries lemmas which will
be useful in later to prove our main theorems.

By definition of first and second Multiplicative Zagreb indices we have
the following result.

Lemma 1. Let u,v € V(G) such that uv ¢ E(G), then

[[G+w)>]]@),i=1,2

)

[1G —w) <T](@).i=1,2

K3 3
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Lemma 2. Let n,m,r and x;, where 1 < 1 < n, are positive integers such
thatx1+x2+---+$n:r.

i) The function f(x1,29, -+ ,xn;1r) = [[ioy2? is mazimum if and only if
T1,Ta, -+, Ty are almost equal, i.e. |v; —x;| <1 for every 1 <i,5 < n.

ii) If 1 > x9 > m, the minimum of the function f(xq,---,x,;7) Teached
only when x1 =r—m—n+2,290 =m and x; =1 for 3 < j < n. The second
minimum 1s reached only forxy =r—m—n+1,29 =m+1 and z; =1 for
3<j<n.

PRrROOF. i) For z > 0, g(x) = ﬁ is a strictly increasing function. If
x> y+2 >0 we deduce x — 1 > y, this implies g(z — 1) > g¢(y), or
2*y? < (z —1)*(y + 1)%. It follows that f(x1, @0, -« ,an;7) = [[1, 27 is
maximum if and only if x1, 29, , x, are almost equal.

i) If z > y > 2 then x > y — 1, then g(x) > g(y — 1) this implies that
P > (o + 1Py — 1

Lemma 3. Let n,m,r and x;, where 1 < 1 < n, are positive integers such
that x1 +xo+ -+ x, = 7.

i) The function f(x1,29, - ,Tp;7) = [[1, ;" is minimum if and only if
T, X, , Ty are almost equal, i.e. |x; —x;| <1 for every 1 <i,5 < n.

it) If x1 > w9 > m, the mazimum of the function f(xy1,--- ,x,;7) reached
only forxzy =r—m—-—n+2,zo=m+1andz; =1 for3<j5<n.

PRrROOF. i) For = > 0, h(z) = (Hl“)% is a strictly decreasing function.
If 2 > y+2 >0 we deduce x —1 > y, this implies h(z — 1) < h(y), or
2oy¥ < (z—1)ED(y+1)WH | It follows that f(x1, zy, -, an; ) = [y 2
is minimum if and only if xq,zs, -+ , x, are almost equal.

ii) If > y > 2 then # > y — 1, then h(z) < g(y — 1) this implies that
r7yY < (x4 1)@ (y — 1)),

Lemma 4. Let QT;(n). If [[,(G), i=1,2, is minimum then there exists a
spanning subgraphs K of G such that [[,(G) > [[,(K) and for any quasi
vertex z of G we have dg(z) > dx(2)=2 and z is adjacent in K to at least
two other vertices in G — X, where x is the set of quasi vertices.

PrROOF. By definition of a t-generalized quasi tree, there exists a subset

Vi(G) € V(G) such that G —V; is a tree and for any V;_; C V(G), G -V,
is not a tree. It follows that d(z) > 2 for any vertex z € V;(G). If m denotes
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the number of edges of G, then m > 2t +n —t—1=n+1t — 1 and equality
holds if and only if d(z) = 2 for any vertex z € V; and no two vertices in V;
are adjacent. By Lemma [ by deleting some edges it follows the existence
of the graph K, which is not necessarily in QT;(n).

Lemma 5. Let G € QTy(n), where n > 3,t > 1 and [[,(G) (i=1,2) is as
large as possible and z is a quasi vertex of G then, d(z)=n-1.

PRrROOF. Let G € QT;(n), [[,(G) is as large as possible and z be a quasi vertex
of G. Suppose on contrary d(z) < n—1, then there is a vertex z € V(G) such

that 2z ¢ E(G). Now G + zz is also in QTy(n) and [[,(G + z2) > [[,(G), a
contradiction, hence d(z) =n — 1.

Lemma 6. Let G be a graph and u,w and x be three vertices of G such
that d(u) < d(w), zw ¢ E(G) and zu € E(G). If we obtained a graph
G' =G — zu+ 2w then

[T <]]@)

1 1

PRrROOF. By the definition of first multiplicative Zagreb index

[T -TI@ = T dw?|@) - )*dw) + 1) - d(u)*dw)?]

1 1 veV(G)
VAU, uFW

= [ dw)y <d(u) — d(w) — 1) <2d(u)d(w) +d(u) — d(w) — 1)
veV(G)

<0

Theorem 7. Let G € QTi(n), where n > 3 and t > 1 then

H(G) <(n—1)2(t+ 1)t + Q)Q(n_t_Q)

1

equality holds if and only if G = Ky + P,_;.

PROOF. Let G € QTi(n) has the maximum [[,(G). Let V; € V(G) be
the set of ¢ quasi vertices. As [[,(G + wv) > [[,(G) for any wv ¢ E(G)
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this implies that V; forms a complete graph. Then by Lemma [5| we have
G — Kt + Tn,t.

1@ = T[(K: + Tr)

1 1

= [ @ +n-t2 ] (dw)+t)?

veV (Ky) veV (Th—t)

=(n-1" J[ () +0)?

UGV(Tn_t)

By Lemma , HueV(Tn,t)(d(U) + )% is maximum if and only if the degrees of
T,_; are almost equal i.e. T,,_; = P,_;. So we obtained

H (d(v) + 1) = (t + 1)*(t +2)2nt=2

veEV (Th—t)

Hence the right hand inequality

H(G) < (n—1)2(t+ 1)t +2)2t2

1

and the equality holds if and only if G = K; + P,_;.

Theorem 8. Let G € QTi(n), where n >3 and t > 1. We have
i) If t =1 then

(n—1)%(t + 1% < [](©)

equality holds if and only ionum Sn_1, where u is the center of S,_1 and v
1s a pendant vertex of S,_1.
it) If n >4 and t > 2 then

(n—2)%(t +2)%4' < [](©)

equality holds if and only if G = K, ®,» Sn—t—22, where u and v are vertices
of degree n —t — 2 and 2 of S,_—n2(u,v), respectively.
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PROOF. Let G € QT;(n) has the minimum [[,(G). Let V; C V(G) be the
set of ¢ quasi vertices. As, [[,(G —uwv) < [[,(G) for any uv € E(G) this
implies that V; forms an empty graph, i.e. K,. But by Lemma every
quasi vertex has degree 2 and by Lemma [6] quasi vertices must have common
neighbors y1,ys ¢ Vi(G), since G is minimum. We represent the graph G as

G = Kt 1y Tn—t

[[Ferio= I] dop

1 vEV (KroTh_4)
= H d(v)? - H d(v)? - (d(yr) +1)* - (d(y2) +1)?
UGV(K) veV (Typ_¢)

VEYL,VFEY2

By Lemma [2], the product

H d(v)? - (d(y) +1)° - (d(y2) +1)? (1)

veV(Thp—t)
VAYL,VFEY2

is minimum only if 7,,_;, = S,,_; and y; and y, are the center and a pendent
vertex of S,,_;. For ¢t = 1, this graph is a t—generalized quasi-tree, but for
t > 2 this property is no longer valid. We must consider the second minimum
of Eq. [I} This time H € QT,(n), G = H and T),_; = Sy—y—22(u,v), y1 = u
and y = v. Hence the result.

Theorem 9. Let G € QTi(n), where n >3 and t > 1 then

H<G) < (n . 1)(n_1)(t+1)(t + 1)(t+1)(n—t—1)
2
equality holds if and only if G = Ky + Sp_k.
PROOF. Let G € QT;(n) has the maximum [[,(G). Let V; C V(G) be the set
of t-quasi vertices. As [[,(G 4+ uwv) > [[,(G) for any uv ¢ E(G) this implies
that V; forms a complete graph. Then by Lemma |5 we have G = K; + T,, ;.

H(G) = H(Kt +Thy)

= [I @@ +n—t@- T () +0)%
VeV (K) veV (T i)
U § RCORRLE

vEV (Thn—t)
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By Lemma [3], the product

I () +6

UGV(Tnft)

is maximum only if 7}, _; = S,,_;. Hence, we obtained

[1(@) < (n— 1) DED g 4 )0t
2

equality holds if and only if G = K; + 5,4
Theorem 10. Let G € QT(n), where n > 3 and t > 1 then
H(G) 2 22(n72t72) . 36(t71)

2

equality holds if and only if G has n-2t+2 vertices of degree 2 and 2t-2 vertices
of degree 3..

PROOF. Suppose that [],(G) is minimum. By Lemma [ there exists a span-
ning subgraph K of G such that [[,(G) > [[,(K) and every quasi vertex z
has d(z) = 2, which implies that 3 .\ di(v) = 2(n+t—1). By Lemma
[ [,(K) is minimum if the degrees of K are almost equal to 2 or 3. Let n; is the
number of vertices having degree i we can write 2ny+3(n—nsg) = 2n+ 2t — 2,
which implies no = n — 2t + 2 and ng = n — ny = 2t — 2. Consequently, the
minimum of [[,(G) is reached if and only if there exist n — 2¢ + 2 vertices
(including quasi vertices) of degree 2 and 2t — 2 vertices of degree 3 (in this
case K = (7). Such a graph is depicted in Fig. [1]

t — 1 cycles n — 3t vertices

Figure 1: An example of t-generalized quasi-tree with almost equal degree ver-
tices.
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