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ABSTRACT

Recently, an exhaustive search has been used to find all of the possible non-isomorphic 4-cycle free
column-weight three QC-LDPC codes with the shortest length. The drawback of this approach, however,
is the complexity which increases sharply by extending the exponent matrices. Moreover, the minimum
lifting degrees of these codes are not the same with the lower-bounds, in general, i.e. QC-LDPC codes with
the same exponent matrix may have cycles of length 4, for some lifting degrees greater than the given
shortest length. Here, an explicit ordering on the positions of the desired exponent matrix is proposed to
construct some column-weight three QC-LDPC codes with girth 6 having the shortest length. The
constructed codes have two main benefits: The lower-bound is the same with the minimum-lifting degree
and the overall complexity is polynomial, in terms of the length of the constructed codes.
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1 INTRODUCTION

Low-density parity-check (LDPC) codes are a class of linear block codes which come from the
characteristic of their parity-check matrices containing only a few 1’s in comparison to the number of 0’s.
Their main advantages are that they provide a performance which is very close to the Shannon capacity [7]
for different channels and encoding and decoding algorithms with linear time complexities. They were first
introduced by Gallager in his PhD thesis in 1960. But, they were mostly ignored about 30 years [3], due to
the computational effort in implementing coder and encoder for such codes and the introduction of Reed-
Solomon codes. In particular, the length of the shortest cycle in the graph, girth, is identified as one of the
important factor to measure of the code’s performance. Related to this, lower bounds have been derived on
the block length of QC-LDPC codes as a function of girth [4]- [6]. There are however, very few cases, for
which these bounds have been proved to be tight. One example is the array-based codes [2], which are
cyclic liftings of some degree n of fully-connected base graphs of size mxn, where n is a prime number.
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2 PRELIMINARIES
Let N,s be two positive integers with 0 <s < N . By a circulant permutation matrix (CPM) of
size N and exponent S, denoted by I{ ,or I° when N is known, we mean the matrix

0o 1
N =(I 05) in which 1,k e{s, N —s}, is the identity matrix of order k . Now, For the given

N-s
positive integers m,n,N,m<n,a (m,n)—QC-LDPC code with CPM size N can be described by the
following parity-check matrix:

| Po,0 | Pos . I Po,n1
H | Pro | P11 . | Pina
PN T
| Pm-1,0 I Pmnar . | Pm-1,n-1

Where each exponent p; ; ,0<1<m-1, 0< j<n-1, is a non-negative integer. We refer to the
mxn matrix P =(p;;) as the exponent matrix with lifting-degree N . It is worth noted that some
elements of P in H, may be greater than N which are reduced in modulus of N to construct the

parity-check matrix H, .

It is well-known [1] that the necessary and sufficient condition for the existence of a cycle of

length 2r in the Tanner graph of C with parity-check matrix H is
r—1

Z( P — Py ns ) =0 mod N (1)

i=1
Now, to construct a QC LDPC code with girth at least 2g, we should find an exponent matrix

P =(p; ;) such that (1) is not satisfied for each r < g . Corresponding to each QC-LDPC code with girth

2g and exponent matrix P, the lower-bound (LB) N, , is defined as the minimum positive integer such
thatg(HP'N ) >2g, for each CPM-size N > N, . However, we may have g(H,,)=>=2g for some

to denote the

min,P

N <N_,, while g(HPYN.)< 29, for some N<N'<N_,. For this, we use N
minimum lifting-degree (MLD) N with this property that H,  has girth at least 29 . Clearly, MLD is not
greater than LB, i.e. N ;.o <N, .

Example 2.1. The following matrix can be considered as the exponent matrix of a (3,4) —QC
LDPC code with girth 6, for each lifting-degree N >N, , =7,s0LBis7.

0 00O
P=(0 1 2 3
0 2 46
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Moreover, it is easy to see that the MLD corresponding to the exponent matrix P is 5, i.e we have
g(Hp5) =6. (Itis noted that for N =6, we have g(H, ) =4, so 5 is not a lower-bound).

3 ORDERING MATRIX

In this section, an ordering matrix is used to generate the elements of the exponent matrix P
recursively such that the QC-LDPC code with parity-check matrix H,  has girth 6 for enough large N

such that the corresponding LB and MLD are small as possible.

Definition 3.1. Let n>3 be a positive integer. By an n— ordering, we mean a 3xn matrix
0 =(oi’j)3 0 € {1,2,...,3n} such that each element k €{1,2,...,3n} appears exactly once in the

matrix O , i.e. for each (iy, j,) # (i, j,), we have o, |, #0, ; .
For agiven n— ordering matrix O = (oi]j )3 _» We propose an algorithm which generates the elements

of the exponent matrix P =(p, ;),,, recursively as follows.

Algorithm 1.

1- Let
o .=1l<0 . =2<...<0
b, )y 12,

I2 i3n. Jan

=3n
2- Set p,, =0.

3- Foreach 1<k <3n-1, the element p, . is defined recursively from p, ;, p, ;... B, ; . as
follow:

P, =min{Nez® :ifp,_, =N, then H((i, j,);(is o) i (o Ji ) (iars Gica)) is Free
of 4-cycle}
in which, H ((i,, §,); (i, J; );-- -1 (lerr Jiwa)) in the algorithm is the parity-check matrix induced by the
elements of the exponent matrix which are appeared in the positions (i, , ) (i, J, ). (s Je ) -
Moreover, after constructing p, ,, P, j .- B, ; . the element p, . is selected as the minimal non-
negative integer with this property that the H ((iy, J; ) (i, J,)i---3 (i1, Jis)) has no 4-cycle. In fact, if
A, isthesetofall p, ; —p, . +Pp. . with

I Jk

{00 diea): G 5, (6 5OY <A 02) (00 g )1 (i B}
then A, ., contains the values which lead to 4-cycles in the induced Tanner graph, so
Pyris =MIN{N €07 :N ¢ A_}.

4 AN EXPILICIT CONSTRUCTION FOR QC-LDPC CODES WITH GIRTH 6.

For n>3 ,let O=(0, ;) be the following n— ordering matrix. For even n, define
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n/2-j+1, i=11<j<n/2
], i=Ln/2<j<n
n+ j, 1=2,1<j<n/2

Oi,j: ; . . (2)
5n/2-j+1, i=2,n/2<j<n
5n/2—j+1, i=31<j<n/2
2n+ j, i=3,n/2<j<n

And for odd n,

|n/2]-j+1, i=11<j<|n/2|
i i=1[n/2]<j<n
n+ J, 1=2,1<j<|n/2

0= . . L . _| €)
|5n/2]-j+1, i=2[n/2]|<j<n
|5n/2]—j+1, i=31<j<|[n/2|
2n+ j, i=3[n/2]<j<n

It can be seen easily that O is an n— ordering matrix, since oi’j,lsi <3,1<j <3n are distinct

elements belong to the set {1,...,3n}. Now, applying Algorithm 1 on the orderingO, let P =P(O) be the
corresponding exponent matrix.

Example 4.1: For =06, let O be the following 6 —ordering defined by Eq. 2.

3 2 1 4 5 6
Oo=7 8 9 12 11 10
15 14 13 16 17 18
Then, applying Algorithm 1, the corresponding exponent matrix P = P(O) is as follows.

0 00O0O0ODO
P={0 1 2 5 4 3
2 1 0 456
Moreover, it can be seen easily that N, , =N . . =7

) THE ALGORITHM OUTPUTS.

In [8], the authors have introduced an exhaustive search to find all of possible non-isomorphic 4-
cycle free column-weight three QC-LDPC codes with the shortest lengths. For4 <n <8, Table 1 provides
all of non-isomorphic 3xn exponent matrices of girth-6 QC-LDPC codes along with dimension, minimum
distance, LB and MLD. The first row of the exponent matrices is zero, so for simplicity, the second and
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third rows of the exponent matrix are given, such that the upper and lower indices of the given matrices
correspond to the minimum distance and dimension of the constructed QC-LDPC codes.

Tablel
All of non-isomorphic 3x N exponent matrices of some girth-6 QC-LDPC codes in [8] along with
dimension, minimum distance, LB and MLD

Size of )
base matrix 3x4 3x5 3x6 3x7 3)(8
Nmin,P 5 5 7 7
0,1,2,3,4,5,6,8
0,2,518,7,3,4),
Nep=9
0,1,2,3,4,5,6,8
0,1,3,4,56\°
0,3,8,7,514,2),
0,516,4,2 )
6 6 6 LP_13
ﬁfﬁO“d and | 79934 0,1,2,3,4 =9 0,1,2,3,4,5,6
ird Rows 0,1,2,3,4,5,6,8\
of 0,321) |\03%42), | (013456 0,2,4,6,1,35)
E&mmt 0,7,4,8,5312),
Matrix N'—vP=5 NL,P:S 045263 NLYP:7 13
4 LP_
N p=9 0,1,2,3,4,5,6
0,1,2,3,4,5,6,8
0,1,3,4,5,6 0,3,6,4,2,15)
0,5,4,6,2,1,3,7
0,3,6,52,4), N p=9
=9
P:7 LP
0,1,2,3,4,5,6,8)
0,1,3,4,56)
0,7,54,8321),
0,56,2,4,1), "
LP_
L,P:]'O
0,1,2,3,4,5,6,8)
0,57,4,1,38,2),
LP_:I'2
0,1,2,3,4,5,6,8)
0,5,3,8,17,4,2),
L,P:12
4
(0,1,2,3,4,5,6,8j
0,4,8,5217,3),,
N p =12
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Table2
Some 3x N exponent matrices of girth-6 QC-LDPC codes constructed by Algorithm1 along with dimension,
minimum distance, LB and MLD

et | 3x4 3x5 3x6 37 38
matrix
N » 5 5 7 7 9
seeond (0,1, 3 2)6 (0,1, 4, 3,2]6 (0,1,2,5,4,3]6 (0,1,2,6,5, 4, 3}6 (0,1,2,3,7,6,5,4]6
Rows of
i 10,34) |1140234), |1210456), |2103456), |(321056,78),
t
anriﬂr:(en N p =5 N_p =5 N_p =7 N_p =7 N_p =9
. 0,0,0,0,0,0
0,1,3,4,5,6 . . .
For example, by 051642 , We mean the code with the exponent matrix P =| 0,1,3,4,5,6 | having
T /s 0,5,1,6,4,2

minimum-distance 6, dimension 23, LB NL,P =9 and MLD N 7.

min,P =
Against, for4 <n <8, some of the constructed exponent matrices P = P(O) (obtained by Algorithm 1)
are provided in Table 2. Based on the ordering O reported in Eg.1, the first row of the constructed exponent

matrix P =P(O) is zero, so the second and third rows of P are just reported. As Table Il shows, the

constructed exponent matrices have better LB rather than the exponent matrices reported in Table I, while
they have the same MLD, minimum distance and dimension. In addition, the constructed exponent matrices
in Table Il have another benefit rather than the exponent matrices given in Table | in terms of the
complexity. In fact, the exponent matrices in Table Il have constructed explicitly and no computer search
is needed to generate such exponent matrices. Against, the complexity to generate the exponent matrices in
Table | increases exponentially by enlarging n.

6 COCLUSIONS.

In this paper, an n—ordering matrix is defined which is helpful to construct some 3xn
exponent matrices recursively, such that the corresponding QC-LDPC codes are free of 4-cycles.
Interestingly, the constructed codes have better LB and complexity rather than the previously
reported codes, while the MLD, minimum-distance and dimension are the same.
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