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ABSTRACT

A given graph G has a total dominator coloring if it has a proper coloring in which
each vertex of G is adjacent to every vertex (or all vertices) of some color class. The total
dominator chromatic number y;(G) of G isthe minimum number of color classes in a total
dominator coloring of a graph G . In this paper we study the total dominator chromatic
number on several classes of graphs.
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1 Introduction

For terminology and notation on graph theory not given here, the reader is referred to
[10] Throughout this note, all graphs are simple, connected and undirected. Let G =(V,E) be

a graph with the vertex V and the edge set E . A proper coloring of a graph G is an
assignment of colors to the vertices of G in such a way that no two adjacent vertices receive
the same color. The chromatic number y(G) is the minimum number of colors required for a

proper coloring of G . A color class is the set of all vertices, having the same color. The color class
corresponding to the color i is denoted by V.. Aset ScV(G) is a total dominating set of

G if every vertex of V(G) is adjacent to at least one vertex of S . The cardinality of
the smallest total dominating set of G, denoted by »,(G), is called the total domination

number of G .Totaldomination is now well studied in graph theory. The literature on the subject
on total domination in graphs has been surveyed and detailed in the recent book [3]. A survey of
total domination in graphs can also be found in [2]. A dominator coloring, of a graph G is a
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proper coloring of G such that every vertex of V(G) dominates all vertices of at least one
color class. The dominator chromatic number y,(G) of G is the minimum number of color

classes in a dominator coloring of G. The concept of dominator coloring was introduced and
studied by Gera, Horton and Rasmussen [6] and studied further, for example, by Gera [5, 4] and
Chellali and Maffray [1].

A total dominator coloring of a graph G with no isolated vertex is a proper coloring of
G in which every vertex of the graph is adjacent to every vertex of some (other) color class. The
total dominator chromatic number 4, (G) of G is the minimum number of color classes in

total dominator coloringof G .A x.(G) -coloringof G is any total dominator coloring with
75(G) colors.

The complement of a graph G is denoted by G andis a graph with the vertex set
V(G) and for every two vertices Vv and W, we E(é) if and only if vw¢g E(G).

A cycle on n vertices is denoted by C, and a path on nvertices by P,.A complete graph
on n vertices is denoted by K, .Awheel graphon n+1 vertices is denoted by W, .

The complete K -partite graph K is a simple graph whose vertices can be

al,az ..... ak
partitioned into sets such that two vertices are adjacent if and only if they are not in the same
partite sets.

A complete bipartite graph on m+n vertices is denoted by K .

The multi-star graph K, (a,,8,,...,a,) is formed by joining a, end-vertices to each
vertex X, of a complete graph K, for (1<i<m), where V (K,)={X;,X,,..X,,} -

A double star graphon a,+a, +2 vertices is denoted by K,(&,,a,).

The fan graph F is defined as the graph join K_m+ P, where K_m is the

complement of K, with vertexset {u,...,u,} and P, isa path with vertexset {v,,...,v }.
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Multi-star Ka(aq, as, as) Fan graph Fsg

Figure 1.

The helm graph H,_ is the graph obtained from a wheel graph W, by adjoining a
pendant edge at each node of the cycle C,.
A flower graph FI_ is the graph obtained from a helm by joining each pendant vertex to

the central vertex of the helm.
The Sun flower graph Sf s the resultant graph obtained from the flower graph of

wheels W, , by adding n pendant edges to the central vertex .

The crown graph Sr? for an integer Nn>3 is the graph with vertex set
{u,, Uy, UV, V0V, ) and edge set {(u;,v;):1<i, j<n,i= j}.

The windmill graph W™ is the graph obtained by taking m copies of the complete

graph K, with a vertex in common.

Helm graph Hy Windmill graph I'['_f”

Figure 2.
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The n-barbell graph B, is the simple graph obtained by connecting two copies of a
complete graph K. by a bridge.

The double complete bipartite graph R, is obtained by connecting two copies of a
complete graph K =~ (m,n>2) by a bridge.

We study total dominator coloring of family of graphs. We need the following theorems

Theorem 1.1 [9] Let G be a graph of order n and without isolated vertices. Then

max{7,(G), 74 (G)}< x4 (G) <n.

Theorem 1.2 [9] If G is a connected graph of order n and without isolated vertices,
then 2< y,(G)<n. Furthermore, yy(G) is 2 or n ifandonlyif G isacomplete

bipartite graph, or is isomorphic to the complete graph K, respectively.
Theorem 1.3 [4] (i) The multistar K (a,,a,,...,a,) has y4(K,(a,,a,,...,a,)) = m+1.

(ii) The complete K -partite graph K ay..a, has 2K )=k

.8,

Theorem 1.4 [8] (i) For the helm graph H_, (n>3), y4(H,)=n+1.
3 if nis even

(ii) For the flower graph FI_, Fl.)= ) )
grap Zs (Fla) 4 if nis odd

3 if nis even

iii) For Sun flower graph Sf_ , x,(Sf,) =
) 8P o2 5T) {4 if nis odd.

Theorem 1.5 [7](i) Let B, be n-barbel graph. Then y,(B,)=n+1 for n>3.
(i) Let S° be acrown graph. Then y,(S%)=4 for n>3.

Theorem 1.6 [9] Let G =W ™ be a windmill graph with n,m>2, then y,(G)=n.

2 Total dominator chromatic number

The following theorems appeared in [9].
Theorem 2.1 (i) Let W, , be a wheel of order n+1>4. Then
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3 if nis even

t —
ZaWLn)—{4 if nis odd.

(i) Let C, beacycle of order n>3. Then
if n=4

2 C.)= 4LEJ+r if n=4and for r= 01,24, n=r(mod 6)

n
4 s +r-1 if n=r(mod 6) , where r =3,5.

(iii) Let P, be a path of order n>2.Then

g(ﬂ—‘_l if n=1(mod 3)
26 (P,) = .
2(;} otherwise.

Now we present the total dominator chromatic number of other classes for completeness
in this section. Note that in this graphs y} = 7, .

Theorem 2.2 (i) The multistar K (a,,a,,....a,) has x;(K,(a,3,,...,a,)) =m+1.

(ii) The complete Kk -partite graph K has y; (K ) =Kk.

61,32 ..... ak

(ii) For fan graph F , n>2, m=>1 Za(F,.) =3.
(iv) For the helm graph H_, n>3, y;(H,)=n+1.

&.8y.8

3 if nis even

4 if nis odd.

3 if nis eve

4 if nis od
(vii) For the barbell graph B, with n>3, z\(B,)=n+1.

(viii) For the crown graph S° with n>2, 4 (S°%)=4.

(ix)For the windmill graph G =W ™ with n,m>2 4!(G)=n.

(x) Let K,(a,,a,) be the complement of a double star K,(a,,a,).Then

(v) For the flower graph FI, n> 4 (Fl ) ={

(vi) For the sun flower graph S, n> ;' (Sf ) ={
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3 if a,=a,=1
Zs (K, (ay,8,) =14 if a =2a,=1
a, +a, if a,,a, > 3.
(xi) The double complete bipartite graph R, has z,(R,)=4.

Proof.
(i) Let K, (a,a,,..,a,) be the multi-star graph, and let V (K_(a,a,,..,a,)) =

m
m+z a;
i=1

} be the end-vertices incidenton K suchthat {v

\"

m
m+y g
i

} are adjacent to the vertex

Vv,V } where {/,v,,...v, } betheverticesof K  and {v v

m+271°
m+1’Vm+21""Vm+a1
v, and {v i1V i1 vV i
m+l+zi:lai m+2+Zi:1ai m+zi:lai
2<j<m).
By Theorem 1.3 (i) we have x (K (a,@,,...@,)) =m +1. Now it follows from Theorem

} are adjacent to the vertex v; for each

11 that  z (K, (@,8,..8,))>2m+1 . Hence it is sufficient to show that
;(Z(Km(al,az,...,am))gm+1 . Let C={VV,,....V,,} be the class colorings of

K,@,a,..2a,) inwhich V,={y}1<i<m) and V ,={v .,V vV ., }.Since v, is

m+Zai
i1

m+1Y m+200rn

adjacent to all vertices of color class V.(1<i,i <m,i#i) and each vertex
1

v,(m+1<k<m+a) is adjacent to all vertices of color class V, and for (2<j<m) each

vertex of vertices <v is adjacent to all vertices of color class

N ,sz i1 ,...,Vm j
+. +Zi:1ai + +Zi=lai JrZi:lai
Vi, then the coloring C is a ;d,— coloring of K, (a,4a,,...,a,) with m+1 colors and
27 (K, (a,a,,..,8,))<m+1 Therefore z' (K, (a,a,,...a,))=m+1.

(ii) Let Kallaz'---*ak be a complete k -partite graph and

V(Kal'aZ""'ak) ={v;,V,,....v_, } where {vl,vz,...,vai} be the vertices of first partite set and

a.
i=1"

Vel Vi e NV
(Z:ijﬂai)Jrl (Zijzlai)+2 (Z::lai)

(2< j<Kk).ByTheorem /¥ (ii) we have g, (Kal'az"--*ak) =k .Now it follows from Theorem /)

} be the | -th partite set of Kalyazp for every

IL=Te

that z(K, o,..4) =K.
Hence it is sufficient to show that Z‘;(Kal’az""’ak) <k .Let C=4{V,,V,,....V,} be the
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coloring of K
V; ={v

aay..a N which V1:{v1,v2...,va1} and for each (2<j<k) ,

. V. NV Y

I jA o e j
(Zi :1ai )+1 (Zi:1ai )+2 (Zizlai )
Since each vertexin i-th partite set is adjacent to all vertices of color class VJ. for every
(1<i,j<k,i# j), then the coloring C is a g -coloring of K ay..a, With k colors and

’ak

Xa(Ky a0 ) K. Therefore zi(K, . . )=k

(i Let V (F, ) ={v..v,,...

and {v .,V

}, where {v,Vv,,...,v } betheverticesof the path P,

’V n+m

} be the vertices of K_m Since K; is a subgraph of F it follows

ne21+ 1V nam
that at least three colors are needed to color the fan graph. then we have (F,.)=3. Hence
it is sufficient to show that ;(;(Fm‘n)SB . Consider a proper coloring of F in which
V, ={v, } and when n isodd, V, ={v,v,,...,v.}, V,={v,,v,,...,v,,}.If n is
even, V, ={v,,v;,...,v,,} and V,={v,,v,,...,v },theneachvertexof v, (n+1<i<n+m) is

n+1’vn+2""’vn+m

adjacent to every vertex of color class V, and color class V,. Also each vertex of v,
(1< j<n) is adjacent to every vertex of color class V,. Therefore this is a total dominator
coloringand y;(F,,)<3.Hence z;(F,,)=3.

(iv) Let V(H,)=4{v,,v,,...,V,,,,}, where Vv, is the central vertex, v, 2<i<n+1) be
the vertices on the cycle C, and v; (n+2< j<2n+1) be the pendant vertices on cycle C,
such that v, . is adjacent with v.(2<i<n+1) . It follows from Theorem \/f (i) that
24(H,)=n+1. Now by Theorem /), we have yx;(H,6)>n+1. Hence it is sufficient to show
that y;(H,)<n+l1 . Let C={V,V,,...,V.,} be the coloring of H, in which

n
V, =4V, Vpp i Vorg oo Voneat @nd Vy ={v; 12<i <n+1}, then v,,;,v, are adjacent to all vertices

of color class V;(2<i<n+1) and v;(2<j<n) isadjacent to every vertex of color class V;,,
.Also v, isadjacent to every vertex of color class V, and color class V, . So the coloring C

is yy-coloringand yx(H,)<n+1.Therefore y;(H,)=n+1.

(v) By the definition of flower graph, Fl, is obtained from a helm graph by joining each
pendant vertex to the central vertex. We refer the labelling given in the proof (iv). By Theorem
\/¥ (ii) we have yx,(FI1,)=3 if n isevenand y,(Fl.)=4 if n isodd. Now it follows from
Theorem /) that y;(Fl.)>3 (n iseven)or y;(Fl)>4 (n isodd). Now, itis sufficient to
show that y;(Fl )<3 or 4 (according as n is even or odd). Suppose N is even and let
C={,V,V,} be the coloring of Fl in which

n

V= {Vl}'vz :{VZ’V4""’Vn}U{Vn+3’vn+5""’v2n+l}’v3 = {VS'VS’""Vn+l}u{vn+2’vn+4""’v2n}' Now
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if n is odd, let C={§,V,V,V,}] be the coloring of FI  in which

n
Vo=V bV, =V, eV OV eV e Vo f Vs = VgV gV UV oY gV o) and
V, ={v

V, andvertex V, isadjacent to all vertices of color classes V, and V,, (when n iseven)and

w1t- Then each vertex V,(2<i<2n+1) is adjacent to every vertex of color class
is adjacent to all vertices of color classes V,V, and V, (when n is odd). Therefore the
coloring C is a yj -coloring of (Fl) and hence y ((F1))<3 (when n is even) or
75((F1.))<4 (when n isodd).Thus
3 if nis even

z,(Fl)=y, .
4 if nis odd.

(vi) By the definition of sun flower graph, Sf_ is obtained from a flower graph by joining
each pendant edge to the central vertex. Let {Vl,vz,...,vgml}, where V, is central vertex and
V; (2<i <n+1) be the vertices on the cycle C,. Also for each(2<i <n+1) , the vertex
V., Iis adjacent to V,,v; and the pendent vertices v, for each (2n+2<i<3n+1) is
adjacent to vertex V, .By Theorem \/f (iii) we have y,(Sf,))=3 if n is even and
24(Sf.)=4 if n is odd. Now it follows from Theorem /) that . (Sf)>3 (n is even) or
25(Sf.)>4 (n isodd). Now, it is sufficient to show that 4, (Sf.)<3 or 4 (accordingas n
is even or odd). Suppose n is even and let C ={\/1,V2,V3} be the coloring of Sf  in which
V=V Vo = VoV eV OV Y sV ana 9V a2V anasr oV anan f Vs = VeV gV g J UV 1oV gV o

Now if n is odd, let C :{\/l,Vz,VS,VA} be the coloring of Sf, in which
Vo=V bV, = VoV eV OV eV sV on J OV aniaV aneareoV anan oV s = VsV goeenV ) JON oV eV g0 )
and V, ={v,,} ,then each vertex v,(2<i<3n+1) is adjacent to every vertex of color class
V, and vertex V; is adjacent to all vertices of color classes V, and V, (when n is even) or
is adjacent to all vertices of color classes V, , V, and V, (when n is odd). Therefore the
coloring C is a g, -coloring of (Sf,) and hence x,((Sf,))<3 (when n is even) .
25(Sf.) <4 (when n isodd). Thus
3 if nis even

Y(Sf )=
7, Gt {4 if nis odd.
(vii) Let B, be the barbell graph with V (B,)={v,V,....V,,} where {V,v,,..v, }

be the vertices in first copy of K., and {Vm,vmz,...,Vzﬂ} be the vertices of second copy. Let

V\V.., be the bridge of B, .By Theorem /0 (i) we have yx,(B,)=n+1 . Now it follows from

n+1
Theorem V/\ that x| (B,)>n+1. Hence it is sufficient to show that y}(B,) <n+1. Define a
={v,,v,,;:2<i<n} and V, ={v,,,}. Since
Vi(2<i<n+1) is adjacent to all vertices of color class V; and v,v,(n+2<j<2n) are

proper coloring C of B, in which V, ={v;},V.,; 1
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adjacent to all vertices of color class V,, then the coloring C is a ;(5 -coloring of B, and
75(B.)<n+1.Hence yi(B,))=n+1.

(viii) For n=2 we have two copies of K, and for each copy of K, require two
different  colors. Then  xi(S?)=4 for n=2 . Now for n>3 , |let
V(S?) ={v,,V,,....V,,U;,U,,..u }. By Theorem /& (ii) we have y,(S°)=4 .Now it follows from
Theorem \/\ that xi(S))>4 . Hence it is sufficient to show that x(S))<4 . Let
C={V,V,,V,,V,} be the coloring of S? in which
V, ={v,v,,..v. .1V, ={v.},\V, ={u,,u,,...u. .} and V,={u.} . Then the vertex
v;(1<i<n-1) isadjacentto everyvertexof acolorclass V,,thevertex v, isadjacenttoevery
vertex of a color class V,, each vertex in the set {u,,u,,...,u, ,} isadjacent to every vertex of a
colorclass V, andthevertex U, isadjacentto everyvertex of a colorclass V,.So the coloring
C isa g, -coloringof S° and z!(S°)<4.Hence y.(S))=4.

(ix) Consider the windmill graph G =W,™ formed by m -copies of the complete graph
K, with V(\Nn‘”‘))=U21{vl‘,vi2,...,vj]} where for each ie{l,2,...,n}, {vi,v;,...,v;} be the
vertices in i-th copy of K, and v; =Vv/ =...=V]" is a common vertex. By Theorem \/#, we
have 7,(W™)=n .Now it follows from Theorem \/,) that x| (W ™)>n.Hence it is sufficient
to show that y W™)<n. Let C={V,V,,..V,} be the coloring of W™ in which

V, ={v,}(1<i<m) and for each 2<i<n, V :Urjn:l{vij}. Since each vertex in the set

U:zl{viz,...,v;} is adjacent to all vertices of a color class V, and a common vertex {v;} for
1<i<m, is adjacent to every vertex of a color class V;, 2< j<n, then the coloring C is a
75 -coloringof W™ and x,(W™)<n.Hence y;(W™)=n.

(x) Let V(K,(a,a,))={v.:1<i<a +a,+2} where {v,,v,} be the vertices of K,

and {v,,v,,. } are adjacent to the vertex v, and {v

a1+31val+4""1va1+a2+2} are adjacent to

Ve,

the vertex Vv;.
Let

E(K,(a,a,)) ={vv; 1a, +3<i<a +a,+2}u{v,v, :3< j<a +23U{vy, :3<i, j<a +a,+2i= j}

If a,=a,=1, then K,(1,1) is a path of order 4 and theorem 2.1(iii)implies
75 (K,(1,1)) =3.

If &=2 and a,=1, consider the coloring C of m in which
V, ={v;,v.},V, ={v,},V, ={v,} and V, ={v,}. Then this coloring is a is a y, - coloring of
K,(21) andhence z!(K,(2.1))=4.

Now for a,,a,>2, let C=4{V,,V,,...

'Va1+a2} be the class colorings of K,(a;,a,) in
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which V, ={v,,v,},V, ={v,,}(2<i<a +a,-1) and Vaya, ={v2,va1+az+2} . Since v,
(2<i<a +a,+2,i#4) isadjacentto all vertices of color class V, and the vertices V,,v, are
adjacent to every vertex of color class V,(a, +1<i<a, +a,—1), then z'(K,(a,a,)) is a total
dominator coloring and hence (K,(a,a,))<a,+a,. Also since {v3,v4,...,val+a2+2} is the
complete graph of order a, +a,, it follows that at least a, +a, different colors are needed to
color this vertices. Thus #!(K,(a,a,))>a,+a, . Therefore x'(K,(a,a,))=a +a, for
a,a,=2.

(xi) Let V(R,) = Uizzl{uli,uiz,...,u:n,vli,V;,...,vri,}, where {u;,u;,...,u’ } be the one partite
setinthe i—thcopyand {v,V,,...,V.} be the other partite setinthe i-thcopy.Llet u’v’ be
the bridge of R,.Let S={u,v,,u’,v’}.Since eachvertexin V(R,) isadjacentto atleastone
vertexin S,theset S isa total dominating set. Alsotheset S isa y,-set, since at least one
vertex of each partite set is needed for any total dominating set. Hence 7,(R,)=4 and it
follows from Theorem 1.1, y.(R,)>4 . Consider a proper coloring C of R, in which
V, ={u,u,.. bV, =, Vs, e Y, = U, uS, u2Y and V=4V V5L, Ve . Then  the
vertices {ui,uiz,...,urin} is adjacent to every vertex of a color class V,;(1<i<2), each vertex in
the set {v],v,...,V'} is adjacent to every vertex of a color class V, and the set {v’,V,...,v’}
is adjacent to every vertex of a color class V. Hence the coloring C isa yj-coloring of R,
and y;(R,)<4.Therefore y;(R,)=4.

3 Further research
To finish our discussion we state some open problems for further research..

Probleme ). Characterize graphs G for which 4, (G) = 7,(G) or #;(G)=y,(G).

Probleme Y. Characterize graphs G for which | (G) = x,(G) =#,(G) .
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