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Abstract

For given simple graphs F', G and H, we write F' — (G, H) if in every 2-coloring of the edges of F there
exists a monochromatic copy of G or H. The Ramsey number R(G, H) is defined as the smallest positive integer
n such that K, — (G, H). The restricted size Ramsey number r* (G, H) is defined as the min{|E(F)| : F —
(G,H),|V(F)| = R(G, H)}. In this note, the exact value of the restricted size Ramsey number of disjoint
copies of stars versus a complete graph is determined.
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1 Introduction

In this note, we are only concerned with undirected simple finite graphs and we follow [[I]] for terminology
and notations not defined here. For a graph GG, we denote its vertex set, edge set, maximum degree,
minimum degree and the complement graph of G by V(G), E(G), A(G), §(G) and G, respectively.
If v € V(G), we use deg (v) and N(v) to denote the degree and the set of neighborhoods of v in G,
respectively. As usual, the star graph on n + 1 vertices is denoted by K ,, and a complete graph on n
vertices is denote by K,,. Also by a stripe of size m, mKo, we mean a graph on 2m vertices and m
independent edges. A clique in a graph is a subset of vertices such that the induced subgraph on this
vertices is a complete graph. In this note, for a given graph GG, we use mG to denote the disjoint union
of m copies of G. If Y C V(G), then the induced subgraph of GG induced by Y is denoted by G[Y].
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For given graphs G, G1, Go2, we write G — (G1, G2) if the edges of G are colored in any fashion
with colors red and blue, then either the spanning subgraph on edges with color red contains a copy of
(51 or spanning subgraph on edges with color blue contains a copy of G». For given graphs G, G2, the
Ramsey number R(G1,G2) is defined as the smallest positive integer n such that K,, — (G1,G2). The
existence of such a positive integer is guaranteed by the Ramsey's classical result [5]. For a survey on
Ramsey theory, we refer the reader to the regularly updated survey by Radziszowski [4].

There are several generalizations of Ramsey number and the one that we focus on here is called the
restricted size Ramsey number. For given graphs G, Go, the restricted size Ramsey number r*(G1, G2)
is defined as the min{|E(F)| : F — (G1,G2),|V(F)| = R(G1,G2)}. Since the complete graph on
R(G1, G>) vertices has (R(G;GQ)) edges, we obtain trivially that

i Gl

r*(G1,G2) < ( 5

It is proved that if both G} and G9 are complete graphs, then 7*(G1, Ga) = (R(Gé’GQ)). The case of
complete graph is one of a few cases for which that upper bound is reached. In general, there is very little
known about restricted size Ramsey numbers and 7*(G1, G2) is known for very little graphs G and G5.
In [2], Faudree and Sheehan determined the exact value of the restricted size Ramsey number of a star
and a complete graph.

Theorem 1.1. ([2]) Let o« = k(n — 1) + 1 for k,n > 2. Then

g) k is odd or k > n,
(n—1)  Otherwise.

—

(K1, Kp) = { Egg :

The main aim of this note is to extend the result of Faudree and Sheehan by determining the exact
value of the restricted size Ramsey number of disjoint union of stars versus a complete graph. More
precisely, we prove the following theorem.

N[

Theorem 1.2. For positive integers k,n,t,

(™57 ifk=1,
(K g, Kp) = (RO (B ifk > Lisoddork >n+t+ L],
(k(n+t2—2)+t) _ k(n2—2) . Lt(k;—l)J otherwise.

2  Proof of the main result

To prove the main result of the paper, we need some lemmas. We begin with the following lemma which
was proved in [3].

Lemma 2.1. ([3]) Let k > 2 and G be a graph with |E(G)| > (’;) + 1, then either
(i) G contains an induced subgraph with k + 1 vertices and minimum degree at least I or

(ii) G contains a matching M with |M| = |E(G)|.

The following result is an immediate consequence of Lemma P.1.
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Corollary 2.2. Let k > 3 and G be a graph with |E(G)| > (g) + 1. Ifkis odd, then G contains an
induced subgraph with k + 1 vertices and minimum degree at least 1.

Proof. Having applied Lemma R.1,, we may suppose that G contains a matching M with |[M| = |E(G)).
Let Y be the set of vertices incident to a subset of 2 (k+1) elements of M. Clearly, G[Y] is an appropriate
induced subgraph. O

In addition, to prove the main result of the paper, we need the following theorem which determine
the exact value of the Ramsey number of a forest versus a complete graph.

Theorem 2.3. ([6]) Let F' be an arbitrary forest and n(F') denote the number of vertices of the largest
component of F. Then,

R(E K) = | max {(j—1)(m—2) + Z iki(F)},

where, k;(F') is number of components of F with exactly i vertices.

As a direct result of the previous theorem, we obtain that if F' is a forest which consists of ¢ trees each
on k vertices, then R(F, K,) = (k — 1)(n — 2) + kt.

Now we are ready to prove our main result. First, we compute the exact value of the restricted Ramsey
number 7*(¢tK i, Kp,) in the case that & = 1. Note that in this case t K j, is isomorphic with a matching
of size ¢, t Ko.

Theorem 2.4. Ifn,t > 1, then
2t — 2
T*(tKQ,Kn) = (n+ )

2

Proof. By Theorem R.3, R(tKy, K,,) = n+ 2t — 2 and since r* (t Ky, K,,) < (R(tKQQ’K")), then

% — 2
r*(tKo, Ky) < <n + >

2

Now, let G be a graph with |V (G)| = n + 2t — 2 and |E(G)| < ("+22t_2) — 1. To see that the
restricted size Ramsey number 7* (¢ K2, K,,) can not be less than the claimed number, it is sufficient to
give a 2-coloring of the edges of G such that G - (tKs, K,,). As G is a graph on n + 2t — 2 vertices and
|E(G)| < ("*37?) — 1, consider an edge e = uv missing from K, ;. Consider a subset S C V(G)
such that |S| = 2t — 1 and u,v ¢ S. Color all edges contained in S by red and the rest edges by blue.
Since |S| = 2t — 1 and ¢t K, has 2t vertices, there is no red copy of tK». Since edge e is missing from
the blue subgraph of G, the largest clique in G \ S is of order n — 2 and since subset S is independent in
the blue graph, the largest clique in blue graph is of order n — 1. Therefore, G - (tK3, K,,), means that

2t — 2
T*(tKQ,Kn) Z <n+ >7

2

which completes the proof. O
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To determine the restricted Ramsey number r* (¢ K i, K,,) for k > 2, we need the following lemma.

Lemma 2.5. Let k > 2 and H be a graph with R = R(tK, i, K,,) = k(n +t — 2) + t vertices. If

(g)+1 lfklsoddork>n+t+LtTJ’

/

k(n;?) + Lt(k;”J + 1 otherwise.

and |E(H)| > R/, then V (H) contains a subset Y with k + 1 vertices and §( H[Y]) > 1.

Proof. Ifk > n+t+ |52, then

2(@) +1) > k(n+t—2)+t

and so H does not contains a matching M with |M| > (g) + 1. Therefore when k is odd or k£ >
n+t+ L 1|, by Lemma R.1] and Corollary 2.2, V'(H) contains a subset Y with k& + 1 vertices and
S(H[Y]) > 1

Letkevenand k < n+t+ |2 | and assume V (H ) does not contains a subset Y with k + 1 vertices

and 6(H[Y]) > 1. Since for k < n+t+ |2 | we have |E(H)| = k(" 2 4|4 k+1 V41> 5 +1,
then by Lemma 2.1 H contains a matching M with |M| = |E(H)|. Thls means that

k(n —2 t(k+1
\V(H)| > 2[M]| > 2( (n2 ) + [ ( 5 )J +1)>k(n+t—2)+t=|V(H),
a contradiction. Therefore, there exists Y C V(H) such that |Y'| = k + 1 and 6(H[Y]) > 1. O

Now, we determine the restricted Ramsey number of disjoint union of stars versus a complete graph.

Theorem 2.6. For positive integers k,t and n > 2,

(n+22t—2) lf‘k — 1

(K g, Kp) = (k(”+t2_2)+t) - (g) ifk>1lisoddork >n+t+ ],

n+t— k(n—2 k+1
(k( +t22)+t)_ (2 )_Lt(2+)

| otherwise.

Proof. The case k = 1, follows from Theorem @ Thus, let £ > 2. We consider the following cases.

Casel: kisoddork > n+t+ [51].

Assume thatp = k(n +t — 2) + tand G = K, + Ky. Clearly, G has k(n + t — 2) + ¢ vertices
and ("D (K) edges. We prove that G — (LK, Ko).

The proof is by induction on t. If ¢ = 1, then G = Kj,(,,_1)41 — K. Itis easy to see that |E(G)| =

(k(”_;)H) — (g) and so by Theorem , G — (K, Ky). Now, let t > 2 and consider an arbitrary
2-edge coloring red/blue of G. First, suppose that there is a monochromatic star K ; whose edges are
colored red. Let G’ be the graph obtained from G by deleting the vertices of this red star K5 ;. Now, G’
has k(n +t — 3) + ¢t — 1 vertices, which by the induction hypothesis, G — ((t — 1)K, Ky). If G
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contains a red copy of (¢t — 1) K , with our deleted star became a red monochromatic tK; . Otherwise,
G’ has ablue K,,, and so G — (tK i, Kp).

Now, assume that there is no red K j in G. Delete k + 1 vertices arbitrary from G and denote the
remaining graph by G’. Again, G’ has k(n + ¢t — 3) +t — 1 vertices, which by the induction hypothesis,
G' — ((t — 1)Ky, Ky). Since t > 2 and there is no red K j in G, then there exist a blue copy of K,
in G’ and so in G. Therefore, G — (tK1 1, K,). This observation shows that

P (U Kn) < <k(n+t2_ ’ +t> - <§>

Now, to see that the restricted size Ramsey number 7*(¢K i, K,,) can not be less than the claimed
number, let H be a graph on k(n + t — 2) + ¢ vertices and | E(H| < (*"7 -2+ — (¥) — 1. We show
that H —» (tK g, Ky).

First, consider the complement graph of H, means H, which has the same vertex set as H and
|E(H)| > (g) + 1. By Lemma R.9, there is a set Y C V(H) so that |Y'| = k + 1 and §(H[Y]) > 1.
this means that the maximum degree in H[Y'] is at most & — 1 and so there is no K , in H[Y']. Partition
the vertices of H into n — 1 parts Vi, Va, ..., V,,_1 in the following way. Choose a set Y C V(H) with
A(HY]) <k—1landsetV; =Y. Let Vo C V(H) \ Y be a set of size t(k + 1) — 1 and partition
the remaining vertices into V3, ..., V,_1 with |[V3| = --- | |V},_1| = k. Color all edges with both ends in
Vi, 1 <4 < n—1, by red and the rest by blue. Clearly the maximum number of red copies of K j is
t — 1 and the maximum clique in the blue graph is n — 1. Therefore, there is no red K ;, and no blue
K, means that H - (tK 1, Ky,).

Case2: kisevenand k <n+t+ |2

Let G = Kj(nyt—2)+¢ — F, where F is a graph isomorphic to a matching of size k("2_2) + {t(k;d) |.

Clearly, G has k(n + ¢t — 2) + ¢ vertices and (k("+t2_2)+t) - k(nQ_Q) - Lt(k;l)J edges. We prove that
G = (tKLk, Kn)

The proof is by induction on ¢. If t = 1, then G = Kj(—1)41 — (k(";l) )Ks. It is easy to see that

|E(G)] = (F D) - @ and so by Theorem [L.1], G — (K7 x, K,,). Now, let ¢t > 2 and consider
an arbitrary 2-edge coloring red/blue of G. First, suppose that there is a monochromatic star K ;, whose
edges are colored red. Let G’ be the graph obtained from G by deleting the vertices of this red star K 4.
Now, G’ has k(n + ¢ — 3) + ¢ — 1 vertices, which by the induction hypothesis, G’ — ((t — 1) K1 i, Ky,).
If G’ contains a red copy of (t — 1)K 1,k> With our deleted star became a red monochromatic t K x.
Otherwise, G’ has a blue K, and so G — (tK1 i, Ky).

Now, assume that there is no red K ;, in G. Delete k + 1 vertices arbitrary from G and denote the
remaining graph by G’. Again, G’ has k(n + ¢t — 3) +t — 1 vertices, which by the induction hypothesis,
G' — ((t —1)K1, Ky). Since t > 2 and there is no red K j in G, then there exist a blue copy of K,
in G’ and so in G. Therefore, G — (tK1 , I(;,). This observation shows that

(K ) < (k(n—l—t2— 2) +t> B k(n2— 2) Lt(lf;r 1)J.

Now, to see that the restricted size Ramsey number 7*(¢K i, K,,) can not be less than the claimed
number, let H be a graph on k(n+t —2)+t vertices and | E(H| < (k("+t2_2)+t) — M — L@J -1

We show that H -+ (tK1 j, Ky,).
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First, consider the complement graph of H, means H, which has the same vertex set as H and

|E(H)| > (g) + 1. By Lemma R.9, there is a set Y C V(H) so that |[Y| = k + 1 and §(H[Y]) > 1.

this means that the maximum degree in H[Y] is at most £ — 1 and so there is no K ;, in H[Y]. Now,
partition the vertices of H into sets V1, Va, ..., V,_1 as described in case 1. Color all edges with both
endsin V;, 1 < i < n — 1, by red and the rest by blue. Clearly the maximum number of red copies of
K1 1, is t — 1 and the maximum clique in the blue graph is n — 1. Therefore, there is no red t K  and no
blue K, means that H - (tK , K;,). This observation completes the proof. ]
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