
 
 

 

Proceedings of the 2nd International Conference on Combinatorics, Cryptography and 

Computation (I4C2017) 

496 

 
On Biclique Cover and Partition of the Kneser Graph 

Mehdi Azadimotlagh   

Kharazmi University, Department of Mathematics 

50 Taleghani Avenue, 15618, Tehran, Iran 

Std_m.azadim@khu.ac.ir 

 

 ABSTRACT 

Let bcd(G) (resp. bpd(G)) denote the minimum number of bicliques of G such that every edge of G 

belongs to at least (resp. exactly) d  of these bicliques. Hajiabolhassan and Moazami (2012a) showed 

existence of a secure frame proof code results from the existence of biclique cover of Kneser graph (KG(t, 

r)) and vice versa. Also, they (Hajiabolhassan and Moazami, 2012a) showed that using d-biclique cover 

of Kneser graphs, we can obtain appropriate lower and upper bound for the minimum number of points in 

cover free family. As was shown by Orlin (1977), determining the exact value biclique covering number 

is NP-hard. Hence, it is a challenging and interesting problem to determine the exact value of bcd(KG(t, 

r)) (bpd(KG(t, r))). In this paper, we determine the exact value of bcd(KG(t, r)) (bpd(KG(t, r))) for every r, 

t, where 2r ≤ t and some d. 
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1 INTRODUCTION 

The Kneser graph KG(t, r) is a graph whose vertices are all r-subsets of a telement set, where two r-

subsets are adjacent if and only if their intersection is empty. A biclique of G is a complete bipartite 

subgraph of G. The d-biclique covering (resp. partition) number bcd(G) (resp. bpd(G)) of a graph G is the 

minimum number of bicliques of G such that every edge of G belongs to at least (resp. exactly) d of these 

bicliques. A binary code Γ of length v and size t is called r-secure frameproof, if for any v-word that is 

produced by two subsets C1 and C2 of Γ of size at most r, then the intersection of these sets is non-empty. 

Secure frameproof codes are used to protect digital data, computer software, etc (Stinson et al., 2000). 

Hajiabolhassan and Moazami (2012a) showed existence of a secure frame proof code results from the 

existence of biclique cover of Kneser graph and vice versa. An (r, w; d)-cover free family (CFF) is a 

family of subsets of a finite set such that the intersection of any r members of the family contains at least 

d elements that are not in the union of any other w members. The minimum number of elements for which 

there exists an (r, w; d)-CFF with t blocks is denoted by N ((r, w; d), t). Also, Hajiabolhassan and 

Moazami (2012a) showed that using d-biclique cover of Kneser graphs, we can obtain appropriate lower 

and upper bound for N ((r, w; d), t). For another application and discussion of biclique covering, (see, for 

example, [(Azadimotlagh and Moazami), (Fleischner et al., 2009), (Haemers  2001), (Hajiabolhassan and 

Moazami, 2012), (Stinson et al., 2000), (Tuza, 1984)]. As was shown by Orlin (1977), determining the 
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exact value d-biclique covering (partition) number for a graph is NP-hard. Thus the problem of 

determining the exactvalue of the d-biclique covering (partition) number even for special graphs is a 

challenging and interesting problem. 

2 BICLIQUE COVERING 

In this section, we restrict our attention to determine the exact value of -biclique covering number 

and -partition covering number of a graph  for every value of  and , where , and 

some special value of . 

 

THEOREM 1. Let r and t be positive integers, where t ≥ 2r. Also, assume that the function 

 is maximized for x = t. If   , then 

 

PROOF. Set  . First, we show that  can be covered by  bicliques such that 

every edge of  is covered by exactly  bicliques. Denote the vertex set of  by set 

. Suppose that  is a -subset of [t] and  is the complement of the set  in . Denote the 

number of these pairs by . Now, for every -subset  of , where , construct the biclique 

 with the vertex set  , where  and . Let  be an arbitrary edge of 

, where . 

 In view of the definition of , is covered by every  with vertex set , where  is a vertex of 

 and  is a vertex  of . Thus every edge of  is covered by at least  bicliques. One can see 

that  

                       (1)  

 And 

            (2) 

Now, it is simple to check that 

          (3) 

Thus every edge of  is covered by exactly  bicliques. Note that we have actually proved 

that  

           (4) 
Conversely, one can see that if  ,  is an arbitrary optimal 

−biclique covering of  and  is the maximum number of edges among the 

bicliques of , then 

       (5) 

So 

          (6) 

Also, it is easy to see that 

         (7) 

Thus 

       (8) 
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Also, one can check that the maximum number of edges among the bicliques of the Kneser graph 

 is 

 
Now, in view of the definition of , we have 

            (9) 

 So we have 

           (10) 

 Hence, 

        (11) 

From (4) and (11), we conclude 

 

3 CONCLUSION 

In this paper, we determine the exact value of -biclique covering number and -partition covering 

number of a graph  for every value of  and , where , and some special value of . 

 

REFERENCES 

Azadimotlagh M. and Moazami F. A Generalization of (2, w; d)-Cover Free Families. Ars Combinatoria, 

(to appear). 

Fleischner H., Mujuni E., Paulusma D. and Szeider S. (2009). Covering Graphs with Few Complete 

Bipartite Subgraphs. Theoretical Computer Science, 410(21-23):2045–2053. 

Haemers W.H. (2001). Bicliques and Eigenvalues. Journal of Combinatorial Theory, Series B, 82(1):56–

66. 

Hajiabolhassan H. and Moazami F. (2012). Secure Frameproof Codes Through Biclique Covers. Discrete 

Math. Theor. Comput. Sci., 14(2):261–270. 

Hajiabolhassan H. and Moazami F. (2012). Some New Bounds for Cover-Free Families Through Biclique 

Covers. Discrete Mathematics, 312(24):3626– 3635. 

Orlin J. (1977). Contentment in Graph Theory: Covering Graphs with Cliques. Indagationes 

Mathematicae (Proceedings), 80(5):406–424, 12. 

Stinson D.R., Trung T.V., and Wei R. (2000). Secure Frameproof Codes, Key Distribution Patterns, 

Group Testing Algorithms and Related Structures. Journal of Statistical Planning and Inference, 

86(2):595 – 617. 

Tuza Z. (1984). Covering of Graphs by Complete Bipartite Subgraphs; Complexity of 01 Matrices. 

Combinatorica, 4(1):111–116. 

 

 


