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ABSTRACT

In this paper, we apply a general formula of Runge-Kutta methods in order 2 and 4 to solve two
problems in mechanical engineering. At first, we will study Runge-Kutta types; then we will discuss about
the problems. Results will be gathered in order to be compared. In the comparison we will discuss about
the accuracy of each method.
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1 INTRODUCTION

Differential equations have wide applications in various engineering and science disciplines.
In general, modeling of the variation of a physical quantity, such as temperature, pressure,
displacement, velocity, stress, strain, current, voltage, or concentration of a pollutant, with the
change of time or location, or both would result in differential equations. Similarly, studying the
variation of some physical quantities on other physical quantities would also lead to differential
equations. In fact, many engineering subjects, such as mechanical vibration or structural dynamics,
heat transfer, or theory of electric circuits are founded on the theory of differential equations. It is
practically important for engineers to be able to model physical problems using mathematical
equations and then solve these equations so that the behaviour of the systems concerned can be
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studied. The theory of differential equations has become an essential tool economic analysis,
particularly since the computer has become commonly available. It would be difficult to
comprehend the contemporary literature on economics if one does not understand the basic
concepts (such as bifurcations and chaos) and the results of the modem theory of differential
equations [1,2,3,4].

y Slope = f(x, +h.y, +kh)
1 -

V. predicted

Slope = f[.\'i.)',’)’,."’/

Average Slope = %U{ %, +h.y, +kh)+ flx.y,)]

v

2 NUMERICAL METHODS

The Runge-Kutta algorithm is used for solving the numerical solution of the ordinary differential
equation y(,y = f(x, y) with the initial condition y(») = w.

As already noted, Runge-Kutta method can be used in order 2 and 4. We can study each method
below:
2.1 Runge-Kutta 2nd order

Only first order ordinary differential equations can be solved by using the Runge-Kutta 2nd order
method. There are several methods for 2" order such as Heun, midpoint and Ralston.
The general form of Runge-Kutta 2" order is defined as:

v =v +lak +ak,)h

i+l

Where
k= flx.,)
k, = flx, + p/h. v, + q, kD)
a, +a, =1
1
a,p, = E
1
Ardn =

—

The coefficients a;, a,, p; and q,, are different for each method:
In Heun’s method a, = % IS chosen, giving:
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a, = >
p =1
qy =1
Resulting in:
s 1 1 N
Yia =W~ . E;{l _E;‘?z ;h
Where

ky=f(x,.v,)
k, = flx, +h v, +kh)

In midpoint method a, = 1 is chosen, giving:

a, =0
1
p1::
1
Qu:E

Resulting in:
Vg =V, +k,h
Where

k=[x 37)
‘E"z = fr

k-\

X, + lh.j‘,. + lklh
2 2

And in Ralston method a, = % is chosen, giving:

1
01::
3
3
pl:;
3
‘3’1121

Resulting in:

Via =V +| =k +—=k, |h
L3 3 )
Where

ky = f(xr ’ _1';']
k=1

I"\.
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2.2

Runge-Kutta 4th order

In about 1900, Runge and Kutta developed the following classical fourth order Runge-Kutta iterative
method which has the accumulative error in order of O(h4). Since then, many mathematicians have
tried to develop more Runge-Kutta like methods in a variety of directions. In 1969, England developed
another fourth order for Runge-Kutta method.

The general form of Runge-Kutta 4™ order is defined as:

1
Vit+1 =YVi t 5 (k; + (4 =k, +tky + kg)h

Where
ky =f Xk yi)
k —f( +h +1k h)
2 = I'| Xk Z'Yk 5 K1

Ky = F(x + +(1 1)k h+ -k h)
3= (Xk Z'Yk ) tt 1 EZ
k4=f<xk+h, yk+(1—§>k2h+§k3h)

t is a free parameter which:
If t=2 is chosen, then upper equation becomes the classical Runge-Kutta method, and if t=4 is

chosen, then the equation becomes the England’s Runge-Kutta method.
In the first problem we will discuss about a fluids mechanic problem, which is resulted in a first order

ODE using Bernoulli’s equation. Assume we have a large reservoir of water with 5-meter height; an exit
tap is assembled at the bottom of the tank. We are to the time when the reservoir gets empty.

Fluid level Stae 1
> = v l P x~
- 1 M1 =
< o — =
ke) b Large g
-— I . [
% Reservoir Tap exit =
i 3 Vo, Po — | State 2
Reference plane Y2 Tap exit
Figure 1: N
From the Bernoulli’s equation we have:
vi—v: p.-p,
1Y PPy +(y,—»,)=0
2g rg '

As the difference of elevations between states 1 and 2 is not too large, we can have: P; = P,.

Further, because it is a large reservoir, we realize that vy < v, orv, = 0.
Thus, the equation is reduced to the form:

vy _
——+0+h =0  withh=y, -,
2Q - L2

From which, we may express the exit velocity of the liquid at the tap to be: v, = ,/2gh the volume

of water leaving the tap is:

XXX-612



AV, = Av() A = | "

J;zghu)gr

Where A is the cross section of the tap and d is its diameter and v(t)= /2gh.

| > |
- b I ______ < The initial water level in the tank is h
Ah(t)_—l_ \ The water level keeps dropping after the
- b tap exit is opened, and the reduction of
hy T B o Water level is CONTINUQUS
h(t) H,0 g
| Let the water level at time t be h(t)
Velocity, v(t)
|
Figure 2: N
The volume of water loss in the tank is:
aD*
AV, = —— Ah(1)

Where D is the tank’s diameter.

The volume of the water leaving the tap is equal to the water loss in the tank, thus we have:

™ g k() Ar = "2~ ARG

By re-arranging the above:

At 2 -

If the processing of the draining is indeed continuous, i.e., At = 0, we will have the above equation
expressed in the differential rather than difference form as follows:

dh(r) — [ d’>\
= — 4l & - { JT? f
dt veg D V)

With initial condition h (0) = 5m.

ﬂ]?(f) _ —[]?(f}]l'iz [ d- ]@’2—

3 RESULTS

Obviously we can see that the more the step sizes are reduced, the more results are accurate. Also
when h approaches zero, both 2™ and 4™ order results are close to each other. The running time of the
methods do not have sensible difference and they are about 3 seconds; but we can guess that if
dimension of our problem is larger than what we saw here, Runge-Kutta 2" order will operate faster

than the 4" order. In the following figure we can see each method’s error from the exact answer of
problem:
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3.1 Solution of the ODE with Runge-Kutta 2" order

As shown in Figure 2, the initial height is 5m and time starts from 0 till when the tank gets empty.
We will check the level of water by several step sizes (h) of time; as we want to realize when the tank
will get empty, we should check when the height of water becomes 0. In the Table 1., we will check
when tank gets empty by using three methods of Runge-Kutta 2" order; ratio of tap’s diameter to tank’s
diameter is 0.01 and g=9.81 m / s2.

Exact answer of the problem is calculated and is: t=1.0096 e4 sec.

Table 1 Title of the Table

h Heun’s Midpoint Ralston’s (N O) Sm(t) Sr(t)
200 10400 10400 10400 0.0301% 0.0301% 0.0301%
100 10200 10300 10200 0.0103% 0.0202% 0.0103%

50 10150 10200 10150 0.0053% 0.0103% 0.0053%
10 10110 10130 10110 0.0014% 0.0034% 0.0014%
5 10100 10105 10105 0.0004% 0.0009% 0.0009%

3.2

In Runge-Kutta 4™ order we will face the problem with the same assumptions as 2" order with the

classic and England’s method.

Solution of the ODE with Runge-Kutta 4th order
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Table 2 Title of the Table

h Classic method | England’s method Sc(t) Sg(t)
200 10200 10200 0.0103% | 0.0103%
100 10100 10100 0.0004% | 0.0004%

50 10100 10100 0.0004% | 0.0004%

5 10100 10100 0.0004% | 0.0004%

1 10097 10097 0.0001% | 0.0001%

Second Problem

In the second problem we want to measure distance passed by a dropped ball from height=h, with
arbitrary height hy, location, mass and geographical latitude.

To obtain equation of motion, we use 2 coordinate systems. First coordinate system is station and
located at the centre of Earth and the second one is located on Earth’s surface and moving with Earth’s
angular velocity.

The only external force applied to the ball is gravity. With respect to Newton’s second law, we have:

F=ma-)—mglA<=m(ﬁor+ﬁP/or+&><?+G)X(G)><f)+2(’f)><\7)

Where o angular acceleration is assumed to be zero, w is angular velocity, T is vector defining the
ball location in moving system, &, is moving system’s acceleration and ap . is ball’s acceleration in
moving system.

The term 2@ x ¥V is known as Coriolis acceleration; term & x (® % t) is known as centrifugal
acceleration and term @ X t is known as tangential acceleration.

After calculating above terms we reach 3 differential equations:

% — Rw? sin? A — 2yw cos A — xw? cos? A — zw? sinAcosA = 0
¥ — yw? sin? A + 2xw cos A — yw? cos? A + 2zw sinA = 0

7 4+ Rw? sinA cos A — 2yw sin A — xw? sin A cos A — zw? sin? A = —g
With initial conditions:

Xo=Yo =10

ZO = hO

Xog=YV9=1%2=0

In order to solve 2™ order ODE we should make some changes to make them similar to 1% order

ODE; therefore, we can use ODE45 command in Matlab.
X=U;, X=Uy, X=Uy = U, =14
y=uUz, y=Uy, Y=1U4 = Uy = U3
Z=Us, Z=Us, Z=Ug > Ug=Us

uq Uuq Uy U,
/ﬁz\ /uz\\ /112\ /uz\
[ us | uz [ usz | 3
u

u
* — R* - —1x[R*
A i, =B Uy +C = i, = A*[B U, +C]
1'15 Us 1'15 Usg
1:16 Ug l:l6 Ug

Where A, B and C are matrix of coefficients that are made from the 3 equations.
By defining these matrixes in Matlab we can solve the 2™ order ODEs we saw above.
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4  CONCLUSION

In this note, we use a general formula of Runge-Kutta methods in order 2 and 4 to solve two problems
in mechanical Engineering. Results will be gathered in order to be compared. In the comparison we will
discuss about accuracy of each method.
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