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 ABSTRACT 

The Sackin index of a rooted tree T that summarizes the shape of T is defined as the sum of the 

depths of its leaves and is denoted by S(T). The Sackin index measures the degree of balance of rooted 

phylogenetic trees and acyclic molecular graphs. For a given number n of leaves (terminal taxa), extermal  

phylogenetic and binary trees with exactly n leaves and with respect to the Sackin index and Colless index 

are characteized in the literature. In this paper we show that  𝑛 − 1 ≤ 𝑆(𝑇) ≤ ⌊
𝑛

2
⌋ ⌈

𝑛

2
⌉  for each rooted n-

vertex tree T and we characteize all rooted n-vertex trees with extermal Sackin index.Also, we provide 

exact lower and upper bounds for the Sackin index of rooted 𝑑–ary  trees and we characteize extermal 

families of them. 
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1 INTRODUCTION 

Trees are defined as connected simple graphs without cycles, and their properties are basics of graph 

theory. A chemical graph is a graph whose vertex set denotes the atoms and its edge set denotes the bonds 

between those atoms of the underlying chemical structure. The structures of many molecules such as 

alkanes, dendrimers and acyclic molecules are tree like. Structures of many chemical compounds may be 

synthesized and categorized by mathematical means. Chemists have a long tradition of using the atomic 

valences (i.e vertex degrees) and the dictances between atoms to find molecular structures graphically. The 

vertex set and the edge of a tree T are denoted by V(T) and E(T), respectively. Two vertices in T which are 

connected by an edge are called adjacent vertices. For each vertex 𝑣 ∈ 𝑉(𝑇) the set of vertices in T which 

are adjacent to 𝑣 is the neighbourhood of 𝑣 and is denoted by 𝑁𝑇(𝑣).The degree of 𝑣 is 𝑑𝑒𝑔𝑇(𝑣) = |𝑁𝑇(𝑣)|. 
Each vertex of degree one is called a pendant vertex, an end vertex or a leaf. A path in T is a sequence of 

adjacent edges which do not pass through the same vertex more than once. The length of each path is the 

number of its edges. The analysis of path lengths in different trees has  received a lot of attention mostly 

because of its importancein the analysis of algorithms. A rooted tree is a tree in which a particular vertex 

is distinguished from the othersand it is called the root vertex. Rooted trees have wide applications in 
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chemical graph theory from which enumeration and coding problems of chmical structures can be indicated. 

The distance brtween the root and a vertex 𝑣 ∈ 𝑉(𝑇) is the depth of 𝑣 and is denoted by 𝐷𝑇(𝑣). Each vertex 

of degree at least three is called a branch vertex. We call a vertex 𝑢 as a support vertex if it has at least one 

(non-root) pendant neighbour. In a rooted tree, the parent of a vertex is the vertex connected to it on the 

path to the root. Every vertex except the root has a unique parent. Achild of a vertex 𝑣 is a vertex of which 

𝑣 is the parent. A descendant of any vertex 𝑣 is any vertex which is either the child of 𝑣 or is (recursively) 

the descendant of any of the children of 𝑣. For each vertex 𝑣 of 𝑇, 𝑇𝑣 is the (induced) subtree of 𝑇 rooted 

at 𝑣, i.e, 𝑇𝑣 includes 𝑣 and all of 𝑣 ,s descendants. There are many special families of graphs with interesting 

properties. A tree 𝑇 is said to be starlike if it has exactlyine branch vertex. The broom graph 𝐵𝑛,𝑑 is a 

graph consisting of a path 𝑃𝑑 of order d, toghether with (𝑛 − 𝑑) pendant vertices all adjacent to the same 

leaf of 𝑃𝑑, see [8]. Broom graphs are in fact one of the important types of chemical trees. For each fixed 

integer 𝑑 ≥ 2, a 𝑑-ary tree is a rooted tree in which each node has no more than 𝑑 children. Almost all of 

rooted chemical trees are special kinds of 𝑑-ary trees for 𝑑 = 4. Quintas and Szymanski in 1992 considered 

some connections of chemistry to random trees and they studied molecules with tree structures in which 

nodes of valence 𝑑 = 3 are saturated and unsaturated nodes have affinity that is inversely proportional to 

their valence [10]. A topological index for a (chemical) graph 𝐺 is a numerical quantity which is invariant 

under automorphisms of 𝐺 and it does not depend on the labeling or pictorial representation of the graph. 

Topological indices and graph invariants based on the distances between pair of vertices are widely used 

for characterizing molecular graphs, establishing relationship between structure and properties of 

molecules, predicting biological activity of chemical compounds, and making their chemical applications. 

Many different indices have been proposed in the literature to measure the degree of balance of chemical 

trees or rooted phylogenetic trees, see[2]. These indices depend only on the topology (the shape) of tree, 

and it is invariant under the relabelings of leaves. The two most popular balance indices are Sackins and 

Colless. Asymptotics for the mean, variance and covariance of these two statistics as well as their limiting 

joint distribution for large phylogenies are obtained in [3]. Sackin index is one of the oldest measures that 

summarizes the shape of a tree, see [12] and [13]. The Sackin index of a rooted tree 𝑇 is defined as the 

sum of the depths of its leaves and is denoted by 𝑆(𝑇). Clearly, if two tree structures (molecular graphs) 

with the same root have different and hence, they have some different physico-chemical properties. For a 

given number 𝑛 leaves with respect to the Sackin index and Colless index are characteized, see [4], [9], 

[11] and [13]. The aim of this paper provide exact lower and upper bounds for the Sackin index of all rooted 

trees of order 𝑛 (not only for phylogenetic  or binary trees or trees with specified number of leaves) and to 

characteize all trees that attain this bounds.  

 

1.1 The main results 

In this section we provide a lower bound and an upper bound for the Sachin index of general rooted 

trees in terms of the order of tree and we show that these bounds are exact and tight. Then, we characterize 

all trees that attain these bounds. Also, we obtain similar results for rooted 𝑑-ary trees. 

 

1.2 Theorem 

For the sackin index of each rooted 𝑛-vertex tree 𝑇 we have  𝑆(𝑇) ≥ 𝑛 − 1. Moreover, in this lower 

bound the equality holds if and only if 𝑇 is a path or a starlike tree (whose root is its unique branch 

vertex).  

 

Proof. If 𝑇 is a path of order n, then  𝑆(𝑇) = 𝑆(𝑃𝑛) = 𝑛 − 1. Note that each tree with the maximum 

degree  2  is a path. Let 𝑇 be a starlike tree with the root  𝑟 and with the maximum degree 

  ∆(𝑇) = 𝑑𝑒𝑔𝑇(𝑟) = 𝑘 ≥ 3. Assume that 𝐿(𝑇) = {𝑥1, 𝑥2, … , 𝑥𝑘} is the set of all leaves in 𝑇. Hence, T 

consists of the root vertex r and k paths. The order of each path is equal to its length plus one. The number 

of vertices (except the root) in each one of these paths is equal to the depth of the corresponding leaf in it. 

Thus, we have 𝑛 = 1 + ∑ 𝐷𝑇(𝑥𝑖)𝑘
𝑖=1  which implies that 
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𝑆(𝑇) = ∑ 𝐷𝑇(𝑥𝑖) = 𝑛 − 1

𝑘

𝑖=1

 

Therefore the Sackin index of each rooted n-vertex path or starlike is 𝑛 − 1. Now assume that T is a rooted 

n-vertex tree (with the root vertex r) which is not a path and is not a starlike tree. Thus, T has at least two 

branch vertices. Let 𝑢 ≠ 𝑟  be a branch vertex in T. Let 𝑢1, 𝑢2 be two children of u. Let 𝑇´ be a rooted n-

vertex tree obtained from T by removing the edge 𝑢𝑢1 and adding the edge 𝑟𝑢1 i.e 

 𝑇´ = 𝑇 − 𝑢𝑢1 + 𝑟𝑢1. Thus, the set of leaves in 𝑇´is equal to the set of leaves in T, i.e. 𝐿(𝑇´) = 𝐿(𝑇).  

Also, for each 𝑦 ∈ 𝐿(𝑇) ∩ 𝐿(𝑇𝑢1
) we have 

𝐷𝑇´ (𝑦) = 𝐷𝑇(𝑦) − 𝐷𝑇(𝑢) < 𝐷𝑇(𝑦) 

Hence, 𝑆(𝑇´) < 𝑆(𝑇). Therefore, T is not a rooted n-vertex tree with the minimum Sackin index among all 

rooted trees of order n. By the repetition of this process, finally we will reach a tree whose unique branch 

vertex is its root, i.e a starlike tree rooted at its branch vertex. The proof is completed. 

 

1.3 Corollary 

For the Sackin index of each rooted n-vertex d-ary tree T we have 𝑆(𝑇) ≥ 𝑛 − 1. Also, the 

equality holds if and only if T is a path or a starlike tree whose root is its central vertex with degree at most 

d. 

 
Proof. Using the proof of Theorem 1.2 and by the difinition of d-ary trees, the proof is straight 

forward because the root vertex may have at most d children. 

 

1.4 Theorem 

For each rooted tree T of order 𝑛 ≥ 2 we have 𝑆(𝑇) ≤ ⌊
𝑛

2
⌋ ⌈

𝑛

2
⌉. Moreover, in this upper bound 

the equality holds if and only if T is a broom graph and 𝑇 ∈ {𝐵
𝑛,⌊

𝑛

2
⌋
, 𝐵

𝑛,⌈
𝑛

2
⌉
}. 

 

Proof. Let 𝑇0 be a rooted n-vertex tree (with the root vertex r) whose Sackin index is 

maxzimum among all rooted n-vertex trees. At first we want to show that 𝑇0 is a broom graph. Let 

𝐿(𝑇0) be the set of leaves in 𝑇0 and let 𝑥0 be a leaf with the largest depth amoung all leaves in 𝑇0 

an let 𝑦0 be the neighbour of 𝑥0. For each leaf x in To we have 𝐷𝑇0
(𝑥) ≤ 𝐷𝑇0

(𝑥0). 

𝐼𝑓 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑙𝑒𝑎𝑓 𝑥′ with the support vertex 𝑦′ such that 𝐷𝑇0
(𝑥′) < 𝐷𝑇0

(𝑥0), then 𝑦′ ≠ 𝑦0 and 

𝐷𝑇0
(𝑦′) < 𝐷𝑇0

(𝑦0) This implies that 𝑆(𝑇0 − 𝑥′𝑦′ + 𝑥′𝑦0) > 𝑆(𝑇0) which contradicts the maximality of 

𝑇0. Hence, in 𝑇0 all leaves are at the same depth. Now assume that there exists another support vertex 𝑦 ≠
𝑦0. Assume that L(𝑇0) ∩ 𝑁𝑇0(𝑦) = {𝑥1,𝑥2, … , 𝑥𝑡} for some 𝑡 ≥ 1. Since 𝐷𝑇0

(𝑢) = 𝐷𝑇0
(𝑥0) for each 𝑢 ∈

𝐿(𝑇0), we have 𝑑𝑒𝑔𝑇0
(𝑦) = 1 + 𝑡. Note that 𝐷𝑇0

(𝑦) = 𝐷𝑇0
(𝑦0) and 𝑦  ≠ 𝑦0imply that 𝑦 ≠ 𝑟 and hence 

𝐷𝑇0
(𝑦) ≥ 1. Let 

�̃�0 = 𝑇0 − 𝑥1𝑦 − 𝑥2𝑦 − ⋯ − 𝑥𝑡𝑦 + 𝑥1𝑦0 + 𝑥2𝑦0 + ⋯ + 𝑥𝑡𝑦0. 
 

Thus, 𝐿(�̃�0) = 𝐿(𝑇0) ∪ {𝑦} and 𝑆(�̃�0) = 𝑆(𝑇0) + 𝐷𝑇0
(𝑦 ) > 𝑆(𝑇0), which is a contradiction. Therefore, 

𝑦0 is the unique support vertex for all (non-root) leaves in 𝑇0. This means that 𝑇0is isomorphic to the broom 

graph 𝐵𝑛,𝑛−𝑠 whose root is the remained pendant vertex of its main path 𝑃𝑛−𝑠. Now assume that 𝑁𝑇0
(𝑦0) ∩

𝐿(𝑇0) = {𝑥0,𝑥1, … , 𝑥𝑠−1} for some 𝑠 ≥ 1. Since 𝑛 = 1 + 𝐷𝑇0
(𝑦0) + 𝑠, we have 

 𝐷𝑇0
(𝑦0) = 𝑛 − 1 − 𝑠. Hence, 𝐷𝑇0

(𝑥𝑖) = 𝑛 − 𝑠 for each 𝑖 ∈ {0,1, … , 𝑠 − 1}. Therefore, 
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𝑆(𝑇0) = ∑ 𝐷𝑇(𝑥𝑖) = 𝑠(𝑛 − 𝑠).

𝑠−1

𝑖=0

 

It is easy to see that 

 

max{𝑠(𝑛 − 𝑠) ∶ 1 ≤ 𝑠 ≤ 𝑛, 𝑠 ∈ 𝑁} = ⌊
𝑛

2
⌋ ⌈

𝑛

2
⌉. 

 

Hence, among all rooted n-vertex brooms, 𝐵
𝑛,⌊

𝑛

2
⌋
 and 𝐵

𝑛,⌈
𝑛

2
⌉
 have the maximum Sackin index ⌊

𝑛

2
⌋ ⌈

𝑛

2
⌉. This 

completes the proof. 

 
1.5 Corollary 

For the Sackin index of each rooted n-vertex d-ary tree T we have 𝑆(𝑇) ≤ 𝑓(𝑛, 𝑑) where 

𝑓(𝑛, 𝑑) = {
⌊
𝑛

2
⌋ ⌈

𝑛

2
⌉                   𝑑 ≥ ⌊

𝑛

2
⌋

𝑑(𝑛 − 𝑑)              𝑑 < ⌊
𝑛

2
⌋
 

 

Moreover, in this upper bound the equality holds if and only if (𝑑 ≥ ⌊
𝑛

2
⌋   𝑎𝑛𝑑 𝑇 ∈ { 𝐵

𝑛,⌊
𝑛

2
⌋
, 𝐵

𝑛,⌈
𝑛

2
⌉
})  

or  (𝑑 < ⌊
𝑛

2
⌋   𝑎𝑛𝑑 𝑇 = 𝐵𝑛,𝑛−𝑑). 

 

 

Proof. Using the proof of Theorem 1.5 and by the definition of a d-ary tree, the proof is straightforward 

because 𝑦0 may have at most d children. 
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