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ABSTRACT

Hybrid numbers are the generalization of complex, hyperbolic and dual numbers. In this
paper the Van Der Laan Hybrinomial sequence is introduced. We give Binet-Like formula, Partial
sum, generating function and exponential generating function of this kind of polynomial sequence.
In addition we present other properties and identities about VVan Der Laan Hybrinomial sequence.
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1 INTRODUCTION

Various researchers have studied different kinds of recursion sequences such as Pell
sequence, Pell Lucas sequence, Padovan and Perrin sequences and Jacobsthal sequence. They
established new results about these sequences. Ozdemir[8] introduced the hybrid numbers as a
generalization of complex hyperbolic and dual numbers. He has stated that the set H of hybrid
numbers Z is of the form

H={Z=a+bi+ce+dh;ab,c,dE€R}
where i, €, h are operators such that
i?=-1,e2=0, th=—-hi= e+Ii.

For more results about the hybrid number we refer to [8]. The conjugate of hybrid number

Z is defined by

Z=a+bi+ce+dh=a—bi—ce—dh.

The real number R(Z) = ZZ = ZZ = a® + b% — 2bc — d? is called the character of the
hybrid number Z. Liana and Wloch [7] introduced the Jacobsthal and Jacobsthal Lucas hybrid
numbers and investigated some of their properties. The authors in [11] introduced Van Der Laan
Hybrid numbers and presented some results about this kind of hybrid numbers. In this paper we
introduce the Van Der Laan Hybrinomial sequence. We obtain Binet-like formula, partial sum,
generating function, exponential generating function, character and norm of this sequence. In
addition we present other properties and identities about VVan Der Laan Hybrinomial sequence.

For more information about Van der Laan sequence, Pell sequence, Pell-Lucas sequence,
Jacobsthal-Lucas sequence, Padovan and Perrin sequences and the other related number sequences
see [1]- [6], [8],[10-15].
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2 VAN DER LAAN SEQUENCE
The Van Der Laan [5] sequence (V},)is defined by the recursion relation

V,=V,_o+V,_sforall n >3,
With initial values V, = 0, V; = 1,V, = 0. The first values of (1},) are
0,1,0,11,1,2,2,3,4,5,79,12,16,21,28,37,49,65,86,114

Also the Binet-like-formula [5] for the Van Der Laan sequences is:
n

" ) 3"

Vn:

(ry — 1) (1 —13) " (r; =) (1, — 13) * (ry —1r3)(ry —13)

where ry, 15, 73 are the roots of the equation x3 — x — 1 = 0. Also from [2] we have
™ + Iy + r3 = O, "3 = 1, Ty + 13 + n"nr3 = —1.

3 VAN DER LAAN HYBRINOMIAL SEQUENCE

Definition (3.1). The Van Der Laan Hybrinomial sequence {Vn[H] (x)} is defined by the
relation
Vo) = Va () + Vigs (01 + Vnsa (¥)€ + Vs (DR, (32)

where (1;,(x)) is the Van Der Laan Polynomial sequence and is defined by
0 n=20,2

1 n=134
Va(x) =

XVp_a(x) + Vg (x) n=5

From the above definitions, the first few values of VVan Der Laan Polynomial sequence are
Vo(x) =0, Vilx) =1, V,(x) =0, V3(x) =1, Va(x) =1,Vs(x) = x, Ve(x) =x+ 1,
V,(x) = x% + 1.

The characteristic equation of VVan Der Laan Polynomial sequence V,(x) ist3 —xt — 1 =
0. For each real value of x this cubic equation has three distinct roots «, 8, y. The initial value of
the Van Der Laan Hybrinomial sequence are

V(0 = Vo) + Ve ()i + Vo (e + Vs()h = i + h,
VI ) = V() + Vo ()i + Va(x)e + Vo(x)h = 1 + € + h,
V() = Vo () + Vs ()i + Va(x)e + Vs(X)h = i + € + x,
VI (0) = V3 (0) + Vo (0)i + Vs(0e + Vg ()h = 1 + 1i + xe + (x + 1)h,

VI ) = Va(x) + Vs ()i + Vs()e + Vo ()h = 1+ xi + (x + De + (x2 + Dh.
By definition of the VVan Der Laan Hybrinomial sequence and the character of a hybrid
numbers we get
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R (W) = Va2 () + Vir2(6) = Vs (Vo2 (3) = Viaes* (). m

Now we have the following theorem about the norm of van Der Laan Hybrinomial

sequence{V (x)}

Theorem (3.2). The norm of the Van Der Laan hybrinomial sequence is given by

I
[ @ = 2Vne1 O WVnia () + V1.

Proof. We have

R (W) = V2 () + Vir 200 = Vs (Vo2 (1) = Vinas® ().
So we get

R (W @) = W2@0) + Vars 200 — 2Vn+1(x>vn+z(x) = (V@) + Visy ()" =

Vo2 () + Vi1 (1) = 2V (Va2 (1) = Vo? (%) = Viad " (1) = 2V (1) Vi1 (x) =
—2Vn11(X) (Vg2 (x) + Vo (x)).

get

Hence we have

[ = J[R (A @)] = 11369+ Va9 = 2Wiss (Ws2 () = Vasa? 0]

Therefore we get

VG| = U200 + Vaes 209 = 2Ves (V200 = (460 + Vs 60)?]
= V2 () + Va1 2(0) = Vs (Va2 () = o2 (%) = Vg °(¥)
= 2 (Vi1 ()] = =2V () Vi () + V (3))]
= 2V 41 (%) (Vng2 (%) + Vi (X)).

Thus the proof is completed.

]
Ozemir [8] defined the matrix representation of hybrid numbers by

1o 0 1 1 -1 0
Now we display the matrix representation of the Van Der Laan Hybrinomial sequence

Remark (3.3). The matrix representation of Van Der Laan Hybrinomial sequence is

M _ Vr(x) + Vr+2(x) Vr+1(x) - Vr+2 (X) + Vr+3(x)
T Vi1 () + Vg2 (%) + Vi (%) V(%) = Vyyp () ]

Proof. From the definition of VVan Der Laan Hybrinomial sequence we have
@) = V() + Vi1 (0 + Vrga (1€ + Vigs (R
Consequently by the matrix representation of hybrid numbers introduced by Ozdemir we

0 1

My, =h@ [y 5] +Ven@ |2 o)+ e®@]] Jl+ne®]] |
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— [ Vr(x) + Vr+2(x) Vr+1(x) —Vis2 (x) + Vr+3(x)]
—Vr1(0) + V2 (%) + Vigs(x) Ve (%) = Viga (%)
[ ]
Corollary (3.4). Determinant for the matrix representation of VVan Der Laan Hybrinomial

sequence is —2V; ;1 (x) (V42 (x) + V,.(x)) and we have

[det (M, )| = 2V () (Va2 () +1,60).
Proof. From Remark (3.3) we know that
M - — [ Vr(x) + Vr+2 (X) Vr+1(x) - Vr+2 (x) + Vr+3 (x)]
V() _Vr+1(x) + Vr+2(x) + Vr+3(x) V;“(x) - Vr+2(x)
Hence we have

_ V(%) + Vi (%) Vip1(x) = Vg2 () + Vig3(x)
det (M, n,)) = det([—vr+1(x> K Va4 Vs V) Ve () D

= (%GO + Va2 (D) () = Vi (6))
- ((Vr+1(x) - Vr+2 (x) + Vr+3 (x))(_Vr+1(x) + Vr+2(x) + Vr+3(x)))-

By some computations we have
det (nyﬂ(x)) = V2 + Vip 1’ (0) = 2V 1 Vg2 () = 2 (%) = Vet 2 (%) = 2V (0 Vg1 (%)

= — 2V (V2 (®) + () = R (W @)).
Therefore we have

|det (MV,,[H])| = 2Vr+1(Vr+2 +V)

det (M1, )| = 2V () (Va2 () + 1 (@).

n
Theorem (3.5). The generating function for VVan Der Laan polynomial sequence {V,,(x)} is

O =Y @t = s

1—t2x —t3
n=0
Proof. Suppose that the generating function of the VVan Der Laan polynomial sequence
{V,(x)} has the form
f®) = Z Vo (%) t" =Vo(x) + Vi ()t + Vo ()t 4 Va3 (x)t3 + -
n

=0

Then we have

t2xf(t) = xVo(x)t? + xV; ()t + xV, () t* + xV5(0)t> + -+,
And
t3f () = Vo()t3 + V,00)t* + Vo (x)t5 + Vi (x)t8 + -+ .

Thus we obtain

@) = t2xf (x) = 3£ () =(Vo(x) + V1)t + V() + V5()t% + ) = (xVp () t* +
xVy () t3 + xVy ()t + xV3(0) 5 + -+ ) = (Vo ()3 + V() t* + Vo () t5 + Va ()t + )

= Vo (x) + V1 ()t + (Vo (x) — xVo ())t? + (Va(x) — xV1 (x) = Vo())t? + -+ + (Vo (x) —
xXVn—2(x) — Vn—3(x))tn +

By Definition of VVan Der Laan Polynomial sequence we haveV,(x) — xV,_,(x) —
V,—3(x) = 0. Also we know that V,(x) = 0, V;(x) = 1and V;(x) = 1. Hence we obtain

) = 2xf () — 3£ () = Vo(x) + V1 ()t + (Vo (x) — xVp(x))t? = t.
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Thus we get
fOA-t*x—t3) =t

Consequently we have

f(t Z (X)tn _ﬁ..

Lemma (3.6). Letn > 0beani F\ teger. The Binet-Like formula for the Van Der Laan
Polynomial sequence V,,(x) is
n+1 ,Bn+1 yn+1

e gy T S 7 s v e S crpues ycvpuny

Where a, 3, y are the roots of the characteristic equation t3 — xt — 1 = 0.

Proof. We know that the recursive relation V,,(x) = xV,,_,(x) + V,,_3(x) has the
characteristic equationg(t) = t3 — xt — 1 = 0. For an arbitrary value of x we know that this

equation has three distinct roots «, 8, y. Hence i,%,%are the roots of h(t) = g (%) =1-t’x—

t3 =0.
In exact we have
h(t)=1—-t*x—t3 =1 —at)(1 - pt)(1 — yt).
According to the generating function of VVan der Laan polynomial sequence V;,,(x) we have

t A B C
fO =17 5 =
t —t 1—at 1—,8t 1—yt

— A z(at)" +B Z(,Bt)” +C Z(yt)” (3.6.1)
Thus we have
) = t _AQ =) —yt)+ Bl —at)(1—yt) + C(1 —at)(1 — ,Bt)
G = -3 (1—at)(1 - BO(1 —y0)
Therefore by comparison of the left and right sides of this equality we get that
t=A1-Bt)(1—yt) + B(1 —at)(1 —yt) + C(1 — at)(1 — Bt).
If we substitute t by — we find that

2=A(-)0-0)

a=A(a—-p)(a-v)
a

(@a=B)a—v)

_ B - Y
B-—a)B-v) -y —-8)
Thus by (361) we get
_ a” n pB" o
6o = Z(a—ﬁ)(a N Z(ﬁ—a)(ﬁ—y) +Z(y—a><y nt

Hence we get

Consequently we obtain
A=

Similarly we have
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'Bn+1 yn+1
Z[(a a1 B-DB-7 G- -p

Consequently we obtain
|4

W = T TG T 00 =5

Thus the proof is completed.

n+1 IBn+1 n+1

Theorem (3.7). Let n > 0 be an integer. Then the Binet-Like formula for VVan Der Laan
Hybrmomlal sequence V (x) IS
o) =
<1 + ai + a’e + a3h> - <1 + Bi + B2e +'B3h)/3n+1 N <1 +yi+y2e +y3h> -
(a=pB)a—vy) B-a)B-v) r —a)y —B) '

Where a, B,y are the roots of the equation t3 —xt — 1 = 0.

Proof. From Binet-like-formula of VVan Der Laan polynomial sequence we have

V(x)_ n+1 ﬁn+1 %
" @—Ra-1 B-0B-1»  G-00-5

Where a, B,y are the roots of the equation t3 —xt — 1 = 0.

n+1

Accordlng to the definition of VVan Der Laan Hybrinomial sequence V (x) we have
M) = V() + Vig s (01 + Vs ()€ + Vg (01

Thus we have

H] (x) _ an+1 ﬁn+1 yn+1
@-Pa-1 B-0B-1  T-07-H

N an+2 ﬁn+2 yn+2 ;
@—Ra-1n G-0B-1  G-07-H

N an+3 ﬁn+3 yn+3 .
@—Ra—p G-0F-71) G- -p

N an+4 ﬁn+4 yn+4 "
@—Ra—1 G-0F-7)  G-00-p

_<1+al+a €+a3h> n+1+<1+ﬁi+ﬂze+ﬁ3h> _
“Te—pa-n /- EREN
<1+yi+y26+y3h> 1 g

v-ov-p )

Lemma (3.8). Let V,(x) is the Van Der Laan polynomial sequence and n > 0 be an
integer. Then
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n
1
D V@) = = Vsa () + Vaan (9 + V() = 1],
k=0
Proof. From the definition of Van Der Laan polynomial sequence we now that
V,(x) = i(VnJrz(x) — V,,—1(x)). Thus we have

1
Vi) = S (500 = Vo(@),

1
Vo(x) = o (Va(x) — V1(x)),
Va(x) = = (Vs(x) = Vo (x)),
Va(x) = = (Ve(x) = Va(x)),

) :
Vn-3(x) = ; (V1 (x) = Vs (%))

1
Va2 () = — (ha(x) = Va3 (1)),
Vo1 () = = (Vnia () = Noa (),

Va(®) = = (Vnaz (%) = Npoy (),
Therefore we get

- 1
Z Vie(x) = Vo(x) =~ V2 () + Vina () + V() = Vo () = Vi (x) = V2 (x)).
Cc’)(rTsOequentIy we obtain

1
D V@) = < WV () + Va (0 + V() = 1]
k=0

Theorem (3.9). Letn > 0 bean integer. Then
n
1
D v e == (Ve + o + uMo] - [+ i+ e + h).
k=0
/4

Proof. As we know  ¥7_o Vi (x) = VM () + VM o) + v 0) + - + v (x0). Thus
we obtain

zn: V;{[H] (x)

k=0
= [Vo(x) + Vi (x)i + Vo(x)€e + Vs (x)h] + [Vy(x) + Va(x)i + Va(x)e + Vy(x)h] + -
+ [V;l(x) + Vn+1(x)i + Vn+2(x)6 + Vn+3 (x)h]
= [Vo(x) + V1 (%) + Vo (x) + -+ + Vp(x)]
+ [Vi(x) + Vo(x) + -+ + Vi () + Vo (x) = Vo ()i
H[V2(x) + V3 (x) + -+ + Vo (x) + Vo (x) + Vi (x) — Vo (x) — Vi(x)]e
+ [V3(x) + Va(x) + -+ + Vi3 () + Vo () + Vi (x) + Vo (%) — Vo(x) — V4(x)

— V5 (x)h] s
Z Vo (x) — 1] h.
k=0

Zn: Vi (x)
k=0

n+1

z Vi (x) = 0
k=0

n+2

z Ve(x) — 1
k=0
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Therefore by lemma (3.8) we get:

Vs (3D + Vi () 4 V() = 11+ (3 Va0 + Vs (@) + Vira () = 11 )i

+ (i Ve () + Vasa )+ Va0 = 11) €+ (3 Vies () + Viea @) + Viaa () — 11)
= Vs (0 + Vs Qi+ Vs (G + Vs COR] + - Vi () + Vi + Vi
+Vira(X)R] + ! [Vn(x) + Vi1 (08 + Vi ()€ + Vi3 (x)R] — % [1+i+€+h]

1
=x([ Vi (o) + Ve (o) + v (x)] [1+i+e+h]).
Thus the proof is completed. ]

Theorem (3.10). Let n > 0 be an integer. Then

@ V00 + @) = [(a+ 1) (B gne 4 [(8 +

1) (_Hﬁlwzew h)] 5”“ + [( +1 —“V”(VZQ(:;_Y) n+1
B-)B-1) ¥ )( V- —p) )]V
() V(0 = W) = [(a — 1) (et e ) ot 4 [ (5 -
D (i h)] ﬁ”“ o -0 (s

Where a, B,y are the roots of the equation t3 —xt — 1 = 0.

Proof. We prove part (a). Part (b) similarly is proved. By Binet-Like formula of Van Der
Laan Hybrinomial sequence v (x) we have
n+1(x) + V (x)
_ I(l + ai + a’e + a3h> 2 (1 + Bi + e + ﬁ3h> gn+2

(@a—pla—7) B-a)B—7)
<1 +yi+y?%e+ y3h> n+2]
=00 =5 Y -
l+ai+a‘ce+a’h) . 1+pi+p%e+ph\ .
+l< CENICES)) )“ 1+< BG-GB -1 )"’ 1
<1+yi+y26+y3h) n+1l
=00 =F) 4 3
B 1+ai+a’e+a’h\] ., 1+ Bi+pB%+p°h\| ..
‘l“”“( CEICES)) )l“ +I(ﬁ“)< BB -7 )lﬁ

1+yi+y?e+y*h\] ...
+l(y“)< G- B >ly '
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This proves the theorem. m

Lemma (3.11). Let n > 0 be an integer. Then
Vn[H] (x) — an[ﬂ (x) — I/;l[fg (x)=0.

Proof. By definition of VVan Der Laan Hybrinomial sequence we have

Vi o) = 2 (0 = v ()
[(V (x) + Vn+1(x)i + Vn+2 (X)E + Vn+3(x)h)]
X[(Va—2 (%) + Vi1 (01 + Vo (x)€ + Vi1 ()R]
- [(Vn—S(x) + Vn—Z(x)i + Vn—l(x)e + I/Tl(x)h')]
= [Va(x) = xVy2(%) = Vs ()] + [Vig1 (%) — xVp_1 (%) = Vo (0) i
+ [Vn+2 (x) - XV;‘L(x) - Vn—l(x)]e + [Vn+3 (x) - XVn+1(x) - Vn(x)]h =
As (14,) is a Van Der Laan sequence. Thus we get

V) - -t =0 m

Theorem (3.12). The generating function for theVVan Der Laan Hybrinomial sequence

oo} is

i v Goen = e+ i@+ (B -t w)
~ 1—t2—1¢3

Proof. Suppose that the generating function of the VVan Der Laan Hybrinomial sequence
{Vn[H] (x)} has the form

f() = 2 R o =i + 1@+ 1M @ + e +

Then we have
xt?f(t) = xV ez + 2™ (083 + VM o et + xV Hl0)es + -
And
3£ (6) = VM 03 + v et + v oS + v (0es +
Thus we obtain
f@® -t f(@© - 3f(0)
@) + W e+ "M + @ + ) -x (VM oo
H](X)t3 + VZ[H] (X)t4 + VS[H] (x)tS + .. ) _ (VO[H] (X)t3 + Vl[H] (x)t4
H](x)tS + VMoo + )
) + V (x)t) (VZ[H] (x) — xVO[H] (x)) t2
() — 2 () — p 1) (x)) t2 +

[H o) — 2 () — 1] (x)) ¢+

+ +
/\/-\/—\
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By lemma (3.11) we have 17 (x) V1 () -y 1] (x) = 0. So we obtain
FO —2f(0) — £ = v x) + Vl[H] (Ot + ( M0 — 20 ) e,
Thus we get

fOA-t*=t3)=i+h+ 1+ e+ht+ (i+e+x—x@+h))t%
Consequently we have

H
Vn[](x)tnz T .|

n=0
Corrolary (3.13). The exponential generating function for the VVan Der Laan Hybrinomial
sequence {Vn[H] (x)} is

Vn[H](x)t—T:
n.
n=0
1+ai+a’e+a’h) . 1+,8i+,826+ﬁ3h> gt <1+yi+y26+y3h) vt
S CEOICESS )e ””( G-oG-n )¢ T To-oo-pn )¢

where a, B,y are the roots of the equation t3 — xt — 1 = 0.
Proof. By using the Binet like formula for the VVan der Laan Hybrinomial sequence

{VnH](x)} we have V17 (x) =
1+ai+a 6+0(3h> a1 <1+ﬁi+,826+,83h)/3n+1+<1+yi+y26+y3h> _—
@—pa-1 )¢ B-a)B-7) G-o-p )

Thuswehave
il & 1+ai+a26+a3h> _ <1+ﬁi+ﬁ26+ﬁ3h> _—
ZO Sk ZK @-pa-p ) Nsoe-n )
<1+yi+y26+y3h> n+1lﬁ

- -8 n!

Therefore we can write

—

)

® n
z [H Z(akﬂl + Bkyry™ + yhars™ )_

n=0 =

_a<1+ai+a26+a3h> (a:t)”_l_ <1+ﬁi+,326+,33h> - (pe"

(a=p)a—-vy) — ! B-—a)(B-vy) n!
N (1 +yi+y%e+ y3h> - (yt)"

y-alyr-8 J& n
_ 1+ai+a’e+ah\ ¢ 1+Bi+B%e+L3h Bt 1+yi+y?e+y3h vt
- “( (@B a-y) )e +B ( B-)B-7) )e + ( G- )e '

Thus the proof is completed.
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4  CONCLUSION

In this paper we introduced the Van Der Laan Hybrinomial sequence. We presented the
Binet-like formula, partial sum, generating function, exponential generating function, character
and norm of this sequence. In addition we investigated some properties of this sequence.

Because of the application of particular number sequence in matrix algebras and
combinatorial theory, the subject of this paper has the potential to motivate young researchers to
introduced new number sequence related to this sequence. Since the complex, hyperbolic and dual
number have several applications in the areas of mathematics and physics hence the subject of our
paper is beneficial in these areas of sciences.
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