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Abstract

A signed total double Roman dominating function (STDRDF) on a graph G is a function
f+V = {-1,1,2,3} such that 3 () f(u) = 1 for every v € V(G), and every vertex
u € V(G) for which f(u) = —1, is adjacent to at least two neighbors assigned 2 under f or one
neighbor w with f(w) = 3, and if f(u) = 1, then vertex u must have at least one neighbor w
with f(w) > 2. The weight of a signed total double Roman dominating function f is the value,
fV(G)) = X uev(q) f(u). The signed total double Roman domination number ysiar(G) of G is
the minimum weight of a STDRDF of G. A set {fi, fa, ..., fa} of distinct signed total double
Roman dominating functions on G with the property that Z‘ij:l fi(v) <1 for each v € V(Q),
is called a signed total double Roman dominating family (of functions) on G. The maximum
number of functions in a signed total double Roman dominating family on G is the signed total
double Roman domatic number of G, denoted by ds;gr(G). In this paper we initiate the study
of signed total double Roman domatic number in graphs and we present some sharp bounds
for dsqr(G). In addition, we determine the signed total double Roman domatic number of
some graphs. signed total double Roman dominating function, signed total double Roman
domination number, signed total double Roman domatic number 05C69

1 Introduction

In this paper, G is a simple graph with vertex set V = V(G) and edge set E = E(G). The order
|V| of G is denoted by n = n(G). For every vertex v € V, the open neighborhood of v is the set
N@) ={u e V(G) :uwv € E(G)} and the closed neighborhood of v is the set N[v] = N(v)U{v}. The
degree of a vertex v € V is deg,(v) = |N(v)|. C, for the cycle of length n, and P, for the path of
order n. A tree is a connected acyclic graph and a cactus is a connected graph in which every block
is an edge or a cycle. For notation and graph theory terminology in general we follow [5]. A signed
total double Roman dominating function (STDRDF) on a graph G is defined in [1]as a function
f:V = {=1,1,2,3} such that >y, f(u) > 1 for every v € V(G), and every vertex u € V(G) for
which f(u) = —1, is adjacent to at least two neighbors assigned 2 under f or one neighbor w with
f(w) = 3, and if f(u) = 1, then vertex u must have at least one neighbor w with f(w) > 2. The
weight of a signed double Roman dominating function f is the value, f(V(G)) = - ey (q) f(u).The
signed double Roman domination number vs4r(G) of G is the minimum weight of a STDRDF of G.
A signed total double Roman dominating function f : V' — {—1,1,2,3} can be represented by the
ordered partition (V_1,V, V5, V3) of V., where V; = {v € V|f(v) = ¢}. In this representation , its
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weight is w(f) = Vi +2|Val + 3|Va| — [V,
A set {f1, fa, .., fa} of distinct signed total double Roman dominating functions on G with the
property that zgzl fi(v) <1 for each v € V(G), is called a signed total double Roman dominating
family (of functions) on G. The maximum number of functions in a signed total double Roman
dominating family (STDRD family) on G is the signed total double Roman domatic number of G,
denoted by dgqr(G)

The signed total double Roman domatic number is well defined and

dsth<G) Z 1

for all graphs G since the set consisting of the STDRDF with constant value 1 forms an ST DRD
family on G. If Gy,Ga,...,Gi are the connected components of G, then obviously dg.r(G) =
min{dsar(G;)|1 < i < k}. Hence, only consider connected graphs.

Our purpose in this paper is to initiate the study of signed double Roman domatic number in graphs.
We first study basic properties and bounds for the signed total double Roman domatic number of a
graph. In addition, we determine the signed total double Roman domatic number of some classes of
graphs.

We make use of the following results in this paper.[2, 4, 3]

Proposition 1.1. For p > 3, vsar(K,,) = 2, unless p = 4 in which case Vsar(K44) = 4.

Proposition 1.2. [1] If C, is the cycle on n > 3 vertices, then

6 if n=5
Vstar(Cn) = { n if otherwise

Proposition 1.3. [1] If P, is the path on n > 2 vertices, then

n+1 if ne2,3,56,9
n if otherwise

Vstar(Fn) = {

Proposition 1.4. For § > 1, if G is an 0-reqular graph of order n, then vaar(G) > %.

For n > 2, ygar(K,) = 3, unless n = 4 in which vyr(Ky) = 4.

For n > 2, y5ar(G) < 3?", with equality if and only if G ~ kP;.

2 Properties of the signed total double Roman domatic num-
ber

In this section we present basic properties of dyqr(G) and sharp bounds on the signed double Roman

domatic number of a graph.
Theorem 2.1. For every graph G,

dstar(G) < 6(G).
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Moreover, if dgqr(G) = §(G), then for each STDRD family { f1, fo, ..., fa} on G with d = dg4r(G)
and each vertex v of minimum degree, >_, v, fi(u) = 1 for each function f; and S filu) =1 for
all u € N(u)

Proof. 1t dgqr(G) = 1, the result is immediate. Let now dygr(G) > 2 and let {f1,..., f4} be an
STDRD family on G such that d = dguqr(G). Assume that v is a vertex of minimum degree 6(G).
We have

d<y, > uen() i) = 2 uenw) Sy filw) < > uen(w) L =0(G).
Thus dguqr(G) < 6(G).
If dstqr(G) = 0, then the two inequalities occurring in the proof become equalities. Hence for the
STDRD family {f1, fo, ..., fa} on G and for each vertex v of minimum degree, >y, fi(u) =1 for
each function f; and 3¢, fi(u) =1 for all u € N(v). O

The next results are immediate consequences of proposition and Theorem 2.1.
Corollary 2.2. For any tree T of n > 2, dgqr(T) = 2.
Theorem 2.3. If G is a graph of order n > 2 with 6 > 1, then
Ystar(G)-dsar(G) < 37"

Moreover, if vs4r(G).dsar(G) = 37", then for each STDRD family {fi, fo,..., fa} on G with d =
dsiar(G), each function f; is a ygqr(G)-function and Z?Zl filv)=1forallve V.

Proof. Let {f1, fa,..., fa} be an STDRD family on G such that d = dsr(G) and let v € V. Then

% Z'Ll Ystar(G)

% 2;1:1 Zvev fl(v)
3 v Lima filv)
§ >vev 1

2

370: . dsth (G)

IN

IN

If Ysar(G).dsiar(G) = 37”, then the two inequalities occurring in the proof become equalities.
Hence for the STDRD family {f1, f2, ..., fa} on G and for each 7, > i, fi(v) = 7star(G). Thus each
function f; is a ysqr(G)-function, and Zle filv)=1forallve V. O

Proposition 2.4. If p > 3 and p # 4 is an integer, then dsqr(K,,) = p.
Corollary 2.5. If C, is a cycle of length n, then dgqr(C,) =1

Proof. Now let P # 4 and let A = {ug, u1, ..., up_1}, B = {vg,v1, ..., up_1} be the bipartition of K.
Case 1. Assume that n = 0(mod 3). Define the functions fi, fo, ..., f, as follows:

filuo) = fi(vo) =3, fi(u;) = fi(v;) =2if 1 <i <& —1Tand fi(w) = fi(v) = —1if £ <i <p,in
addition define f;(u;) = fj(vi) = fi—1(wiyj—1) for 0<i<p—-1,2<j5<p.

Where the indices are taken modulo p. It is straight forward to verify that f; is a signed total double
Roman dominating function an K, for 1 <i < p and {f1, fa, ..., fo} is a signed total double Roman



4 Mina Valinavaz

dominating family on K, ,. Therefore dsqr(K,,) > p. Therefore dsqr(K,,) = p by theorem 2.1.
case 2. Assume that n = 1(mod 3). Define the functions fi, fo, ..., f, as follows:

filwo) = fi(ve) = fi(ur) = fi(ve) =3, filw;) = fi(v;) =2if2 <i < P —Tand fi(u;) = fi(v;) = —
if ’%1 < < p, in addition define f;(u;) = fj(vi) = fi—1(wiyj—1) for 0<i<p—1,2 <5 <p.

Where the indices are taken modulo p. It is straight forward to verify that f; is a signed total double
Roman dominating function an K, for 1 <i < p and {f1, fa, ..., fo} is a signed total double Roman
dominating family on K, ,. Therefore dsqr(K,,) > p. Therefore dsqr(K,,) = p by theorem 2.1.
case 3. Assume that n = 2(mod 3). Define the functions fi, fo, ..., f, as follows:

fi(u) = fi(v) =2if 0 <i < ’%1 —1and fi(u;) = fi(v;) = —1if 1%1 < i < p, in addition define
filwi) = fi(vi) = fim1(uigj) for 0 <i <p—1,2<j <p.
Where the indices are taken modulo p. It is straight forward to verify that f; is a signed total double
Roman dominating function an K, for 1 <i < p and {f1, fo, ..., f} is a signed total double Roman
dominating family on K, ,. Therefore dgqr(K,,) > p. Therefore dsqr(K,,) = p by theorem 2.1.

]

Proposition 2.6. Let G be a d-reqular graph of order n such that § > 1 then dgqr(G) < §

Proof. Let {fi, fo, ..., fa} be a STDRD family on G such that d = dgr(G), and let 6 > 1 and
n = pd + r with integers p > 1 and 0 < r < 4. It follows that

d d
i wfi) =20 Dper filv) S Xpev 1 =
We deduce from proposition 1.4 that w(f;) > vVsar(G) > p+ 5 for each i € {1,2,...,d}. Suppose
to the contrary that d > 6 + 1. Then we obtain

Sy w(f) > pd+ % >pE+1)+ S >0
Thus d < 4. O
Theorem 2.7. Let G be a graph of order n with 6 > 1. Then
Vstar(G) + dstar(G) < 2 +1
with equality if and only if the components of G ~ kP, for k> 1 .
Proof. Tt follows from theorem2.3 that
Vstar(G) + dstar(G) < W + dstar(G).
According to theorem 2.1, we have 1 < dsr(G) < n — 1. Using these bounds, and the fact the

function g(x) = x+ =2 is decreasing for 1 < z < /32 and increasing for /3 <z < n—1, we obtain

Vstar(G) + dstar(G) <

and the desired bound is proved. If G ~ kP, then it follows from proposition 1 implies that ysqr(G) =
37” and by theorem 2.1, dgqr(G) = 1 and so Vsiar(G) + dstar(G) = 37" +1.
Conversely, assume that Vsar(G) + dsiar(G) = 3—" + 1. The inequality above lead to

3+ 1 = Y5ar(G) + dstar(G) < 7+ dstar(G) < maz{% +1, g(n 5+ (-1} =

This implies that dyer(G) = 1, thus fysth(G) = 7", and it follow from proposition 1 that G ~

kPs. []

o+ daar(G) < mas{7 +1, gt + (n =1} = 3+ 1.

2dsth
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