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Abstract

A graph G is said to be edge-distance-balanced if for any edge uv of G, the
number of edges closer to u than to v is equal to the number of edges closer to v than
to u. Let GP(n,k) be a generalized Petersen graph. It is proven that for any integers n >
2 , the generalized Petersen graph GP(6n + 8,3) is not edge-distance-balanced.

Key words: edge-distance-balanced graph , generalized Petersen graph,
distance-balanced graph.

1 Introduction
Let G be a simple undirected graph and V (G) ((E(G))) be it’s vertex (edge)
set.
The distance d(u,v) between vertices u and v of G is the length of a shortest
path between u and v in G.
For any edge uv in E(G), let Wy denote the set of all vertices of G closer to
u than to v, that is
Wy ={x € V (G) | d(u,x) < d(v,x)}.
Similarly, let yW\ be the set of all vertices of G that are at the same distance to u
and v, that is uWy = {x € V (G) | d(u,x) = d(v,x)}.
A graph G is called distance-balanced (DB for short) if [Wuv| = |Wwvu|.
holds for any edge uv in E(G).
Also graph G is called edge-distance-balanced [23] (EDB for short) if
B =B where
ES, = {e € E(G) | ¢js closer to the vertex u than the vertex v}.
Similarly, we can defines...
Also, consider the notion«£:’ = {e € E(G) kthe distance of e to both vertices a and
b is the same }.
For a vertex x of a connected graph G and k> 0, let Mk(x) = {e € E(G) | d(x,e) =
K},
Mk[x] = {e € E(G) | d(x,e) <k}.
For k = 1, we shorten these to M(x) and M[x]. Here, denoted by d(x,e) we mean
the length of the shortest path between the vertex x and the edge e, i.e., the number of
edges lying between the vertex x and the edge e in the shortest path.
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The following result gives a different view to the definition of EDB graphs for
regular graphs and was proven in [6].

Corollary 1 ( [6], Corollary 2.3). Let G be a regular graph of diameter d.

Then G is EDB if and only if Sezy |Mi(@)\Mi[b]] = S5 [ My (b)\Mj[a]|,

holds for every edge e = ab € E(G).

The Petersen graph is an important graph in graph theory and has attracted much
research throughout the years. Some recent research include ( [24], [25]).

Kutnar et al. [17] studied the strongly distance-balanced property of the
generalized petersen graphs and gave a result that:

For any integer k> 2 and n > k?+ 4k + 1, the generalized Petersen graph GP(n k)
is not strongly distance-balanced (strongly distance-balanced graph was introduced by
Kutnar et al. in [18]).

Also Yang et al. [26] proved that: For any integer k > 2 and n > 6k?, the
generalized Petersen graph GP(n,k) is not distance-balanced.

In this note, we prove the following theorem.
Theorem 1. For any integer n > 2, GP(6n + 8,3) is not edge-distance-balanced.

2 Main results
Let n > 3 be a positive integer, and let k € {1,...,n-1}\{n/2}.

The generalized Petersen graph GP(n,k) is defined to have the following vertex
set and edge set: V(GP(n,k))= {u;|ieZ,} U {v;|ieZ,},

E(GP(n,K)= {uju 1lieZn} U {vyvi g lieZy} U {wvilieZy}.

We call the cycle induced by the vertices {uo,us,--- ,un-1} the outer cycle of
GP(n,k), and the cycles induced by the vertices {vo,v1,--- ,vn-1} the inner cycles of
GP(n,k).

The edge uivi (0 <i<n—1) is called a spoke of GP(n,k).

Note that GP(n,k) is cubic, and that it is bipartite precisely when n is even and k
is odd.

It is easy to see that GP(n,k) ~ GP(n,n — k).

In the following, we investigate the sets M1(uo)\M1[vo] and M1(vo)\M1[uo] of the
graph

GP(6n + 8,3).

Lemma 1. Let n > 2 be an integer and let ugvo be a spoke in E(GP(6n + 8,3)).

Then the following statements hold:

M1(uo)\M1[vo] = { uiUz, U1v1, U-1U-2, U-1V-1};
M1(vo)\M1[uo] = { uavs, VaVe, U-3V-3, V-3V-6}.

Proof. By a careful inspection of the edges in the neighborhood of ug and vo, we
see that every edge at distance 1 from uo belongs to { uiuz u1vs, U-1U-2, U-1V-1, VoV, VoV-
3}.

It is clear that the edges vovs,Vov-3 are in the shortest paths from uo such that pass
through the edge uovo first and therefore are not in M1(uo)\Mz[vo] and so (i) holds.

On the other hand the edges at distance 1 from vgare in { usvs, VaVe, U-3V-3, V-3V.g,
UoU1, UoU-1 }.

Notice that the edges uou1,Uou-1 are in the shortest paths from vo such that pass
through the edge uovo first and therefore are not in M1(vo)\M1[uo].
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This completes the proof.

O

In the next lemma we determine the sets M2(uo)\M2[Vvo] and M2(vo)\M2[uo] of the
graph

GP(6n + 8,3).

Lemma 2. Let n > 2 be an integer and let uovo be a spoke in E(GP(6n + 8,3)).

Then the following statements hold:

M2(uo)\M2[Vo] = { ViVa, U2V2, V1V-2, V-1V-4, U-2V-2, V-1V2};
Mz2(Vo)\M2[uo] = { UeVs, VeV, U3Ua, U-gV-6, V-6V-9, U-3U-4}.
Proof. It can be seen that every edge at distance 2 from up belongs to
{ V1Vs, U2V2, Vi1V-2, V-1V.4, U-2V-2, V-1V2,U2U3, U3V3 , U-2U-3, V3Ve, U-3V-3, V-3V-6}.
(1)

Two edges of them uus,u—u-s are at distance 2 from vo and hence don’t belong
to M2(uo)\M2[vo]. Also the edges uava,vave,u-3v-3,v-3v-¢ are in the shortest paths from up
such that pass through the edge uovo first and therefore are not in M2(uo)\M2[Vvo] and so
(i) holds.

On the other hand the edges at distance 2 from voare in

{ UeVs, V6Vg, U3Us4, U-gV-6, V-6V-9, U-3U-4, U2U3, UiU2 U1V1, U-1U-2, U-1V-1, U-2U-3 }.

(2)

Notice that, the edges uous,u-2u-z are at distance 2 from up and hence don’t belong
to M2(vo)\M2[uo].

Also the edges ujvi,UiUz,U-1v-1,u-1U—2 are in the shortest paths from vo such that
pass through the edge uovo first and therefore are not in M2(vo)\M2[uo] and the proof is
completed.C]

In the following, we specify the sets M3(uo)\Mz[Vvo] and M3(vo)\Mz[uo] of the graph

GP(6n + 8,3).

Lemma 3. Let n > 2 be an integer and let uovo be a spoke in E(GP(6n + 8,3))

Then the following statements hold:

M3(uo)\M3[Vo] = { Vav7, VaVs, V-aV-7, V-2V-5};
M3(vo)\Ma[uo] = { uovo,VaV12, UsUz, UsUs, UsUs, U-9V-9,V-9V-12, U-gU-7, U-5U-6, U-4U-5}.

Proof. Every edge at distance 3 from uo belongs to

{ Vav7, V2Vs, V-aV-7, V-2V-5, UsVs, VeVa, U3U4, U-6V-6, V-6V-9, U-3U-4, U-4V-4}.

©)

Two edges of them usvs,u-4v—4 are at distance 3 from vo and hence don’t belong
to Ms(uo)\Ms[Vvo].

Also the edges UeVs,VeVa,UsUs,U-gV-6,V—gV—9,U-3U-4 are in the shortest paths from uo
such that pass through the edge uovo first and therefore are not in M3(uo)\Mz[vo] and so
(i) holds.

We now prove part(ii).

The edges at distance 3 from voare in

{ UoVg,VoVi2, UeU7, UsUs, UslUs, U-9V-9,V-9V-12, U-gU-7, U-5U-, U-aU-5, V1V-
2,V1V4,U2V2,UsVy, V-1V2,V-1V4,

U-2V-2,U-4V-4}.

(4)
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Notice that, the edges usvs,u-sv-4 are at distance 3 from up and hence don’t belong
to M3s(vo)\Ms[uo]. Also the edges Viv-2,viVa,UaV2,V-1V2,V-1V-4,U-2V— are in the shortest
paths from vo such that pass through the edge uovo first and therefore are not in
M3(vo)\M3[uo] and this completes the proof.

O

Now we investigate the sets Mx(uo)\Mk[Vo] and Mk(vo)\Mk[uo] of the graph GP(6n
+ 8,3) of diameter d where 4 <k <d — 3.

Lemma 4. Let n > 2 be an integer and let uovo be a spoke in E(GP(6n + 8,3)).
Then for any

4<k <d - 3, the following statements hold:

(i) Mi(uo)\Mk[Vo] = {V3k-5V3k-2,V3k-7V3k-4,V-(3k-5)V-(3k-2),V-(3k-7)V-(3k-4) }
(i) Mk(Vo)\Mk[Uo] = {V3kV3k+3,U3kVak,Usk-3U3k-2,U3k-4U3k-3,U3k-5U3k-4, V-3kV-(3k+3), U-3kV-3k, U-(3k-
3)U-(3k-2),
U-(3k-4)U3k-3), U-(3k-5)U-(3k-4) } -

Where d is diameter of GP(6n + 8,3).

Proof. There are 18 edges at distance k from ug such that belong to

{ V3k-5V3Kk-2,V3K-7V3K-4,V-(3k-5)V-(3K-2), V-(3k-7)V-(3k-4), U3K-3V3k-3, V3k-3V3k, U3k-6U3k-5, U3k-7U3k-
6, U3k-8U3k-7,

U3k-7V3k-7, U3k-5V3k-5, U-(3k-3)V-(3k-3), V-(3k-3)V-3k, U-(3k-6)U-(3k-5), U-(3k-7)U-(3k-6), U-(3k-8)U-(3k-
7)y U-3k-7)V-(3k-7), U-(3k-5)V-(3k-5) }-
®)

Four edges of them Usk-7Vak-7, U3k-5V3k-5, U-(3k-7)V-(3k-7), U-(3k-5)V-(3k-5) are at distance k
from vo and hence don’t belong to Mk(Uo)\Mk[Vo].

Also the edges U3k-3V3k-3, V3k-3V3k, U3k-6U3k-5, U3k-7U3k-6, U3k-8U3k-7, U-(3k-3)V-(3k-3), V-(3k-
3)V-3k,

U-(3k-6)U-(3k-5), U-(3k-7)U-(3k-6), U-(3k-8)U-(3k-7)

(6)

are in the shortest paths from up such that pass through the edge uovo first and
therefore are not in Mk(uo)\Mk[Vo] and so (i) holds.
It can be easily checked that the edges at distance k from voare in
V3kV3k+3,UskV3k, Usk-3U3k-2,U3k-4U3k-3,U3k-5U3k-4, V=3kV-(3k+3), U-3kV-3k, U-(3k-3)U-(3k-2), V3k-
8V3k-5, V3k-10V3k-7
U-(3k-4)U-(3k-3),U-(3k-5)U-(3k-4). U3k-7V3k-7, U3k-5V3k-5, V-(3k-8)V-(3k-5), V-(3k-10)V-(3k-7) U-(3k-7)V-
(3K-7)s
U-(3k-5)V-(3k-5) ()
The edges U3zk-7Vak-7, Usk-5V3k-5, U-(3k-7)V-(3k-7), U-(3k-5)V-(3k-5) are at distance k from uo
and hence don’t belong to Mk(vo)\Mk[uo].
Also the edges V3k-gVak-5, Vak-10V3k-7 ,V-(3k-8)V-(3k-5), V-(3k-10)V-(3k-7)
are in the shortest paths from vo such that pass through the edge uovo first and
therefore are not in Mk(vo)\Mk[uo] and the proof is completed.
O
In the next lemma we investigate the sets Mg-2(uo)\Ma-2[Vo] and Mg-2(vo)\Mg-2[Uo]
of the graph GP(6n + 8,3) of diameter d.
Lemma 5. Let n > 2 be an integer and let ugvo be a spoke in E(GP(6n + 8,3)).
Then the following statements hold:
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(i)

(i)

Ma—2(U0)\Mg-2[Vo] = { Vad-11V3d-8, V-(3d-11)V-(3d-8) };
Ma-2(Vo)\Mg-2[Uo]={U3d-11U3d-10,U3d-10U3d-9,U3d-9U3d-8U3d-10V3d-10, U-(3d-11)U-(3d-10),U-(3d-10)U-(3d-
9),U-(3d-9)U-(3d-8)U-(3d-10)V-(3d-10) }.

Where d is diameter of GP(6n + 8,3).

Proof. Every edge at distance d — 2 from uo belongs t0 vag-11Vad-g, V-3d-11)V-(3d-8),
U3d-9V3d-9,

V3d-9V3d-6 , U3d-14U3d-13, U3d-13U3d-12, U3d-12U3d-11, U3d-11V3d-11, U3d-13V3d-13, V3d-13V3d-10,
U-(3d-9)V-(3d-9) ,

V-(3d-9)V-(3d-6 ), U-(3d-14)U-3(d-13) , U-(3d-13)U-(3d-12), U-(3d-12)U-(3d-11) , U-(3d-11)V-(3d-11) , U-(3d-
13)V-(3d-13),

V-(3d-13)V-(3d-10)- (8)

Six edges of them

U3d-11V3d-11, U3d-13V3d-13, V3d-13V3d-10, U-(3d-11)V-(3d-11), U-(3d-13)V-(3d-13), V-(3d-13)V-(3d- 10) .

©)

are at distance d—2 from vo and therefore don’t belong to Mg-2(Uo)\Mg-2[Vo].

The remaining edges except two edges Vad-11Vad-s, V-(3d-11)V-(3d-8), are in the shortest
paths from uo such that pass through the edge uovo first and therefore are not in
Ma-2(uo)\Mg-2[Vo] and so (i) holds.

U3d-11U3d-10,U3d-10U3d-9,U3d-9U3d-8,U3d-10V3d-10, U-(3d-11)U-(3d-10), U-(3d-10) U-(3d-9),U-(3d-9)U-(3d-
8),
U-(3d-10)V-(3d-10),V3d-14V3d-11, V3d-16V3d-13, U3d-13V3d-13 ,U3d-11V3d-11, V3d-13V3d-10, V-(3d-14)V-
(3d-11),
V-(3d-16)V-(3d-13), U-(3d-13)V-(3d-13) ,U-(3d-11)V-(3d-11) . V-(3d-13)V-(3d-10).
(10)
Six edges of them
U3d-13V3d-13, U3d-11V3d-11, V3d-13V3d-10 , U-(3d-13)V-(3d-13), U-(3d-11)V-(3d-11), V-(3d-13)V-(3d-10)
(11)

are at distance d — 2 from up and hence don’t belong to Mg-2(Vo)\Ma-2[Uo].

Also the edges Vag-14Vad-11, V3d-16V3d-13 , V-(3d-14)V-(3d-11) , V-(3d-160V-(3d-13),

are in the shortest paths from vo such that pass through the edge uovo first and
therefore are not in Mg-2(vo)\Ma-2[uo] and the proof is completed.

O

In the following we determine the sets Mg-1(uo)\Mg-1[Vo] and Mg-1(Vo)\Mg-1[Uo]
of the graph

GP(6n + 8,3) of diameter d.

Lemma 6. Let n > 2 be an integer and let uovo be a spoke in E(GP(6n + 8,3)).

Then the following statements hold:

Ma-1(Uo)\Mg-1[vo] = ¢,
Mg-1(Vo)\Mg-1[Uo] = ¢.

Where d is diameter of GP(6n + 8,3).

Proof. Every edge at distance d — 1 from uo belongs to

U3d-11U3d-10,U3d-10U3d-9,U3d-9U3d-8,U3d-10V3d-10 ,U-(3d-11)U-(3d-10),U-(3d-10)U-(3d-9),U-(3d-9)U-(3d-
8),U-(3d-10)V-(3d-10),

U3d-8V3d-8 . (12)
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The edge usg-svas-s IS at distance d—1 from vo and therefore is not in
Ma-1(Uo)\Mg-1[Vvo].

Also by Lemma 5 part (ii), the remaining edges are at distance d — 2 from vpand
so (i) holds.

Every edge at distance d — 1 from vo belongs to{ Usd-sVad-s, V3d-11V3d-8, V-(3d-11)V-(3d-
8) }-

As above mentioned the edge usg-svag-g are at distance d — 1 from uoand therefore
doesn’t belong to Mg-1(Vo)\Mg-1[Uo].

On the other hand, by Lemma 5 part (i), the remaining two edges are at distance
d — 2 from up and don’t belong to Mg-1(Vo)\Mg-1[Uo]. This completes the proof .

O

We have the following immediate corollary from Lemmas 1, 2, 3, 4, 5 and 6.

Corollary 2. Let n>2 be an integer and let (uo,vo) be a spoke in E(GP(6n+8,3)).
Then the following statements hold:
IM1(u0)\M1[vo]| = [M1(vo)\M1[uo]| = 4 ;

(ii)  |[M2(Uo)\M2[Vo]| = [M2(Vo)\M2[uo]| = 6 ;
(i) |M3(uo)\Mz[vo]| = 4,|M3(vo)\M3[uo]| = 10 ;
() IM(Uo)\Mivo]| = 4,|Mi(vo)\Miuo]| = 10 , for k € {4,--- ,d — 3}:

v)

| Mg-2(uo)\Mg-2[Vo]| = 2,| Md-2(Vo)\Mg-2 [uo]| =8 ;

(vi) | Md-1(Uo)\Mg-1[Vo]| = | Mg-1(vo)\Mg-1[uo]| = O .

Where d is diameter of GP(6n + 8,3).
We are now ready to prove our main result.
Proof of Theorem 1. Let n > 2 be an integer and let (a, b) be a spoke in
(GP(6n+8,3)).
Then we now show that GP(6n+8,3) of diameter d is not EDB.

Since GP(6n + 8,3) is cubic, by Corollary 1, evidently it is enough to prove that
a-1

d-1
Do M@\MBI = ) IMi(B)\Mi[al],

Holds for every edge e = ab € E(G).By Corollary 2, the left hand side of
equation (13) is equal to 4d—8 and the right hand side of that is equal to 10d — 32 and
since d > 6, the proof is now completed.

Conclusions

The Petersen graph is an important graph in graph theory and has attracted much
research throughout the years.

Some recent researchers studied the strongly distancebalanced property of the
generalized petersen graphs GP(n,k).

In this paper, we determined the edge-distance-balanced property of generalized
Peterson graphs for some n, k.

It is proven that for any integers n > 2, the Generalized Petersen graph GP(6n+8
, 3) is not edge-distance-balanced.
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