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Abstract

A (type-I) quasi-cyclic low-density parity-check (QC-LDPC) code can be described by a circulant
permutation matrix (CPM) size and an exponent matrix whose entries are non-negative integers not
greater than the CPM-size.

For any column weight J and any row weight L, a novel framework has been proposed recently such
that a girth-eight (J,L) QC-LDPC code with CPM-size above a lower bound can be constructed via a
simple inequality in terms of greatest common divisor (GCD). In this paper, using this GCD condition,
an explicit method to generate of a class of girth-8 column weight-3 of a QC-LDPC code is proposed.
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1 Introduction

QC-LDPC codes are an important class of LDPC codes that are preferred on other types of LDPC codes
because of their practical and simple implementations [2]. By a (J, L) QC-LDPC code with CPM-size P ,
we mean a linear code whose parity-check matrix (PCM) is a J ×L array of circulant permutation matrices
(CPMs) of size P . In fact, a (J, L) QC LDPC code can be described by a CPM-size P and a J ×L matrix,
called exponent matrix, of some non-negative integers less than P . In this case, if E = (ei,j) is the exponent
matrix, the corresponding QC-LDPC code is described by its PCM constructed by replacing each entry ei,j
of E by CPM Iei,j , in which Iei,j is obtained from the identity matrix by cyclically shifting each column up
by ei,j positions to the left.

One of the most important models to represent an LDPC code with PCM H, is Tanner graph [1], TG(H),
which is a bipartite graph collecting variable and check nodes associated to the columns and rows of H,
respectively, and a check node is connected to a variable node, if a nonzero entry exists in the intersection
of the corresponding row and column. The length of the shortest cycles of the Tanner graph, girth, has
been known to influence the code performance and the error correction and detection are improved by
enlarging the girth [6]. In general, LDPC codes with large girth and small number of short cycles have good
performances [8], so lots of efforts have been put into constructing codes with large girth [4]-[7].
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2 Preliminaries

A (J, L) (Type-I) QC-LDPC code with exponent matrix E = (ei,j) and CPM-size P can be described by the
parity-check matrix H = (Hi,j)1≤i≤J,1≤j≤L, in which Hi,j = Iei,j is obtained from the P ×P identity matrix
by cyclically shifting each column up by ei,j positions to the left. Hereinafter, we consider (J, L) QC-LDPC
codes with the following exponent matrix.

E(a0, a1, · · · , aJ−1) =

 a0.0 a0.1 . . . a0.(L− 1)
a1.0 a1.1 . . . a1.(L− 1)
...

...
. . .

...
aJ−1.0 aJ−1.1 . . . aJ−1.(L− 1)

 (1)

where a0, a1, · · · , aJ−1 is a finite sequence of non-negative integers with a0 < a1 · · · < aJ−1. In [5], a suffi-
cient condition, called GCD condition, is provided for the code with exponent matrix (1) to have girth at
least 8 as follows.

GCD condition. If (ak − ai)/ gcd(ak − ai, aj − ai) ≥ L for all (ai, aj , ak), 0 ≤ i < j < k ≤ J − 1, then
the (J, L) QC-LDPC code with exponent matrix E(a0, a1, · · · , aJ−1) has girth at least 8 for each CPM-size
P ≥ (aJ−1 − a0)(L− 1) + 1.

3 A class of girth-8 (3, L) QC-LDPC codes

In this section we need to a triple (a0, a1, a2) satisfied in GCD condition to construct a QC-LDPC code with
girth 8. First, let Γ(L) is the set of non-negative integers less than L that are relatively prime to L.

Lemma 3.1. Suppos a0 = 0, a2 = L and a1 ∈ Γ(L). Then,the 3×L exponent matrix E(0, a1, L) corresponds
to a girth-eight Tanner graph for any CPM-size P ≥ L(L− 1) + 1.

Proof. Using GCD condition, to have a QC-LDPC code with girth 8, the condition (a2 − a0)/ gcd(a2 −
a0, a1 − a0) ≥ L must be satisfied for a0 = 0, a2 = L and a1 ∈ Γ(L). In this case L/ gcd(L, a1) ≥ L and
due to a1 ∈ Γ(L), gcd(L, a1) = 1. Therefore the GCD condition holds and E(a0, a1, a2) corresponds to a
QC-LDPC code with girth 8 for any P ≥ (a2 − a0)(L− 1) + 1 = L(L− 1) + 1.

As a result, Lemma (3.1) includes the cases (0, L−1, L) and (0, 1, L) which is mentioned in [5] i.e Lemma
(3.1) is more general.

Example 3.2. Let the following exponent matricies:

E(0, 1, 8) =

(
0 0 0 0 0 0 0 0
0 1 2 3 4 5 6 7
0 8 16 24 32 40 48 56

)

E(0, 3, 8) =

(
0 0 0 0 0 0 0 0
0 3 6 9 12 15 18 21
0 8 16 24 32 40 48 56

)

E(0, 5, 8) =

(
0 0 0 0 0 0 0 0
0 5 10 15 20 25 30 35
0 8 16 24 32 40 48 56

)

E(0, 7, 8) =

(
0 0 0 0 0 0 0 0
0 7 14 21 28 35 42 49
0 8 16 24 32 40 48 56

)
Thus, all of the exponent matrices correspond to a QC-LDPC code with girth 8 for any P > 56, Because of
a1 ∈ Γ(8) = {1, 3, 5, 7} and GCD condition holds.

In a special case if L is a prime number, then for any desired number a1, E(0, a1, L) corresponds to a
QC-LDPC code with girth 8 for any P ≥ L(L− 1) + 1 too.
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4 Conclusion

Based on greatest common divisor, we have proposed a general construction for girth-eight QC-LDPC codes
with column weight 3 and any row weight L with exponent matrix E(0, a1, L) (such that a1 ∈ Γ(L)) which
includes the mentioned cases E(0, L− 1, L) and E(0, 1, L) in [5].
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