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Abstract

We call a Cayley hypergraph X = CH(G,S) normal for G if Gg, the right regular representation of
G, is a normal subgroup of the full automorphism group Aut(X) of X. In this paper, we introduce the
concept of normal ¢-Cayley hypergraphs and some related problems.
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1 Introduction

A hypergraph X on a finite set V is a family E = (E;);er, I = {1,2,...,n}, n € N* of nonempty subsets of
V called hyperedges with (J;c; £; = V. Let us denote X = (V, (E;)icr) = (E1, Ea, ..., Ey). The elements of
V are called vertices and the ones of the family (F;);cs are called hyperedges. The cardinality of the set of
vertices is called the order of the hypergraph. The set of vertices, the family of edges and the set of indices
of a hypergraph X are denoted by V(X), E(X) and I(X), respectively. Let u,v € V(X), and E; € F(X)
where ¢ € I. Then we say that E; is incident with © when u € E; and that two distinct u,v are adjacent
when there is an edge incident with both u and v. The family of edges E(v) = Ex(v) C E(X) incident to a
vertex v is called the star of v. The degree d(v) = dx (v) of a vertex v is the number of edges of its star E(v).
A hypergraph in which all vertices have the same degree d is said to be regular of degree d or d-reqular. A
hypergraph X is called k-uniform or a k-hypergraph if every edge has cardinality k. We note that a graph
is just a 2-uniform hypergraph. For two given hypergraphs X1=(Vi, E1) and Xo=(Va, Es), a hypergraph
isomorphism ¢ : X1 — Xo is a bijection ¢ : V; — V5 such that e is an edge in X if and only if ¢(e) is
an edge in X5. An isomorphism from a hypergraph X onto itself is an automorphism. The automorphism
group of X is denoted by Aut(X). For more information about hypergraphs, we refer the reader to [3].

Let G be a finite group and let S be a subset of G — {1g}, where 1¢ is the identity element in G
and S = S~! is inverse closed. The Cayley graph X = Cay(G,S) of G with respect to S is defined as
the graph with vertex set V(X) = G, and edges the pairs {g,h} for which hg=! € S. A Cayley graph
Cay(G,S) is connected if and only if G = (S), that is, S generates G. It is well known that Aut(X)
contains the right regular representation Ggr of G, the acting group of G by right multiplication, which
is regular on vertex set V(X). Thus Cayley graphs are vertex-transitive. Also, we note that the group
Aut(G, S) = {a € Aut(G)|S* = S} is a subgroup of Aut(X)i, the stabilizer of the vertex 1¢ in Aut(X). The
Cayley graph X = Cay(G, S) is said to be normal if Gg < Aut(X). Let N4 (x)(Gr) be the normalizer of
Grin Aut(X). By Godsil [5], Nayy(x)(Gr) = Gr : Aut(G, S), the semidirect product of Gr and Aut(G, S).
Thus, a Cayley graph X is normal if and only if its automorphism group is the semidirect product of Gr
and Aut(G, S).
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Let G be a group and let S be a set of subsets s1, $2, ..., s, of G — {1} such that G = (J;"; s;), that is,
Ui, si generate G. A Cayley hypergraph CH (G, S) has vertex set G and edge set {{g,gs}|g € G,s € S},
where an edge {g, gs} is the set {g} U {gz|x € s}. For all s € S, if |s| = 1, then the Cayley hypergraph is a
Cayley graph. For example, we consider the hypergraph X, with V(X) = {0,1,2,3,4,5,6},

E(X)=1{{0,1,3},{1,2,4},{2,3,5},{3,4,6},{4,5,0},{5,6,1},{6,0,2}}.

This hypergraph which is called the Fano plane, is the Cayley hypergraph X = CH(Z~,{1,3}). The hyper-
graph of the Fano plane is the 3-uniform hypergraph, which is the unique triple system with 7 hyperedges
on 7 vertices where every pair of vertices is contained in precisely one hyperedge (Figure 1).

Figure 1: The hypergraph of Fano plane

The concept of normality of the Cayley graph is known to be of fundamental importance for the study
of arc transitive graphs. So, for a given finite group G, a natural problem is to determine all the normal
or non-normal Cayley graph of G. Some meaningful results in this direction, especially for the undirected
Cayley graphs, have been obtained. Baik et al. [1] determined all non-normal Cayley graphs of abelian
groups with valency at most 4 and later [2] dealt with valency 5. For directed Cayley graphs, Xu et al. [7]
determined all non-normal Cayley graphs of abelian groups with valency at most 3.

In section 2, we introduce the concept of t-Cayley hypergraphs and we give some related concepts and
results.

2 Main results

In this section we introduce the concept of t-Cayley hypergraphs and and some related problems.

Definition 2.1. Let G be a finite group, S a subset of G—{1¢} and ¢ an integer satisfying 2 < ¢t <max{o(s)|s €
S}. The t-Cayley hypergraph X = t-Cay(G, S) of G with respect to S is defined by: V(X) := G, and for
ECG,EcE(X)ifandonlyif3g€ G,3s€ S: E={gs'|0<i<t—1}.

Note that any 2-Cayley hypergraph (of G with respect to S) is a Cayley graph(of G with respect to S)
and vice versa. For any s; € S, if s; = {s,...,s'71} for some s € G — {15}, then the Cayley hypergraph
CH(G,S) is a t-Cayley hypergraph t — Cay(G,S). Hence a Cayley hypergraph is a generalization of a
t-Cayley hypergraph.

Lemma 2.2. Let X = t-Cay(G,S) be a t-Cayley hypergraph where S is a subset of G — {1g}. Then
Aut(G) N Aut(X) = Aut(G, S).

Proof. By definition we have Aut(G,S) = {a € Aut(G), S = S}. Let now a € Aut(X )N Aut(G). We claim
that S = S. Now s € S if and only if {1,s,s?, 5%, ....,s'"!} € E(X) if and only if {1,s,s?, 53, ....,s71}* €
E(X) if and only if {1 = 1%, 5%, (s2)%, ....., (s*"1)?} € E(X) if and only if s* € S, therefore S* = S and hence
a € Aut(G, S). So Aut(G) N Aut(X) < Aut(G, S). Now assume a € Aut(G,S) which by definition means
that o € Aut(G). We will have e € E(X) if and only if 3s € S such that e = {z, xs,2s%, ..., zs' "'} € E(X)
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if and only if {2, 2%s%, 2%(s2)%, ....,x%(s'"1)*} € E(X) if and only if
{z, 2%, 2%(s )2, ..., x%(s)!} € E(X), where s = s". Thus a € Aut(X) and so a € Aut(X) N Aut(G),
which implies Aut(G, S) < Aut(X) N Aut(G). O

Now we have the following results from Lemma 2.2. Write A := Aut(X).

Lemma 2.3. Let X = t-Cay(G,S) be a t-Cayley hypergraph of G with respect to S. Then No(Gr) = Grg :
Aut(G, S). Furthermore, the stabilizer of 1g in Na(Gr) is Aut(G, S).

Definition 2.4. Let X = t-Cay(G, S) be a t-Cayley hypergraph of G with respect to S. Then X is called
normal if Gg < A.

The following obvious result is a direct consequence of the above definition and Lemma 2.2.

Lemma 2.5. Let X = t-Cay(G,S). Then X is normal if and only if A1 = Aut(G,S), where A; is the
stabilizer of 1¢ in A.

Proposition 2.6. Let G be a finite group. S a generating set of G not containing the identity 1, and o an
automorphism of G. Then t-Cayley hypergraph X = t-Cay(G, S) is normal if and only if X' = t-Cay(G, S)
s normal.

Proof. Let A" = Aut(X'). We prove that (1) o 'Aa = A', and (2) a 'Gra = Gg. For the first equation, we
suppose that o~ !pa € a~ ' Aa, where p € A. Now if E' € E(X'), then E' = {2s|0 <i < t — 1} for some z €
G and s € S. Therefore (E')* 7 = {(xs") 'r2(0 < i <t —1} = {z® 2% (s)* ', .. 2> (st1)o "}
It follows that,

(BN e = Ly ys' y(s)2 o y(s)E Y, where s = s and ' = y. Since p € A, (E')* P2 =

{z,25", ..., 2571 € B(X"), where s" = (s')* and y* = z. With the similar argument A" C oA« and
so ada~t = A'. Also it is easy to see that a 'Gra = Gg. Now X is normal, that is, Gg < A if and only
if Gr = a 'Gra < a1Aa = A’ O

By considering the above proposition we have the following result.

Proposition 2.7. Let G be a finite abelian group and S be a generating set of G not containing the identity
1g. Assume S satisfies the condition s, t, u, v € S with

st=uv #1 = {s,t} = {u,v}.
Then the t-Cayley hypergraph is normal.

Lemma 2.8. Let G = Gy x G be the direct product of two finite groups G1 and Ga, S1 and So subsets of
G1 and G4, respectively, and S = S1 U Sy the disjoint union of S1 and Ss. Then,

(i) t-Cay(G, S) =t -Cay(G1, 51) x t" -Cay(Ga, Sa), where t=maz{t ,t"}.

(i) If t-Cay(G, S) is normal, then t -Cay(G1,S1) is also normal.

(iii) If t -Cay(G1,51) and t' -Cay(Ga, S3) are both normal and relatively prime, then t-Cay(G, S) is normal.

Let X =t-Cay(G, S) be a connected t-Cayley hypergraph of an abelian group G with respect to S, and
T the subgroup generated by all non-involutions in S. Set K =T NS and J = S — K so that T = (K).
Let Y = t-Cay(T, K). If J is independent, then (J) = Z‘QI, the direct product of J copies of Zs. So by
Proposition 2.7, t-Cay((J), J) is normal for (J). From Lemma 2.8, we have the following.

Lemma 2.9. If TN(J) =1 and J is independent, then G =T x Zj and X =Y x t-Cay({J), J). Moreover,
if Y is normal and relatively prime with Ks, then X is normal.

Proposition 2.10 (4, Proposition 1.10). A t-Cayley hypergraph X = t-Cay(G, S) is connected if and only
if S is a set of generators for G.
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