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Abstract

Let p and ¢ be distinct primes. The semiprime divisor function graph denoted by G'p(pg), is the graph
with vertex set V(G p(pq)) = {1,1, ¢, pq} and edge set E(G p(pq)) = {{1, 2}, {1, 4}, {1, pa}. {p, pa},{a,pa}}.
The semiprime divisor function graph is a special type of divisor function graph G'p(,) in which n = pq.
Recently, the energy and some indices of semiprime divisor function graph have been determined. In
this paper, we introduce a natural extension to the semiprime divisor function graph which we call the
k-dprime divisor function graph. Moreover, we present results on some distance-based and degree-based
topological indices of k-dprime divisor function graph. We end the paper by giving some open problems.
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1 Introduction

One of the developing areas in Graph theory is the notion of using Number theory concepts to define graphs.
The said graphs are called number theoretic based graphs. One of the most studied number theoretic based
graph is the divisor graph. Let S be a non-empty subset of Z, a graph G(V, E) is a divisor graph if
V(G) = S and E(G) = {ij : either i | j or j | i for i,j € V(G) with i # j}. The concept of divisor graph
was introduced by Singh and Santhosh [1] in 2000. Since then, various research studies about divisor graph
have been conducted (see [2, 3, 4, 5]).

Motivated by the concept of divisor graph, Kannan et al. [6] introduced the concept of divisor function
graph in 2015. Let n > 1 be an integer, and suppose that n has r divisors di,ds,...,d,, the divisor
function graph of n denoted by G'p(,,)(V, E) is the graph with V(G p,)) = {d1,dz,...,d,} and

E(GD(n)) = {didj : either d; | d; or d; | d; for di,dj € V(G)D(n) with i # j}.

If in the definition of the divisor function graph we have n = pq, for distinct primes p and ¢, then
Gp(n) is called a semiprime divisor function graph. The concept of semiprime divisor function graph
was introduced recently by Shanmugavelan et al. in [7]. Also in [7], Shanmugavelan et al. determined the
energy and some indices of the semiprime divisor function graph.

Inspired by the work of Shanmugavelan et al., we introduce a natural extension to the semiprime divisor
function graph which we call the k-dprime divisor function graph in this paper. We then determine some
distance-based and degree-based topological indices of the k-dprime divisor function graph. We also give
some problems that the reader might consider as a research study.
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2 RESULTS On k-dprime Divisor Function Graph 271

2 The k-dprime Divisor Function Graph

Unless otherwise stated, we follow the graph theory notations of Bondy and Murty [8] and the number
theory notations of Burton [9]. We now formally define the k-dprime divisor function graph.

Definition 2.1. Let n > 1 be an integer such that n = pips...pr, where each p; are distinct primes for
i=1,2,..., k. The graph Gp,)(V, E) with V(Gp(,y) = {u: u|n} and

E(Gpn)) = {uv : either u | v or v | u for u,v € V(Gp,)) with u # v}
is called a k-dprime divisor function graph.

Example 2.2. The graph of 3-drpime and 4-dprime divisor function graph is given in Figure 1. On the
other hand, the graph of 5-dprime divisor function graph is given in Figure 2.
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Figure 1: The 3-dprime and 4-dprime divisor function graph.
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Figure 2: The 5-dprime divisor function graph.

Observe that the number of vertices in 3-dprime, 4-dprime, and 5-dprime divisor function graph are 8, 16,
and 32, respectively. Moreover, the degree sequence of the vertices in 3-dprime, 4-dprime, and 5-dprime di-
visor function graph are (7,4,4,4,4,4,4,7), (15,8,8,8,8,6,6,6,6,6,6,8,8,8,8,15), and (31, 16, 16, 16, 16, 16,
10,10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 16, 16, 16, 16, 16, 31), respectively. Finally,
the number of edges in 3-dprime, 4-dprime, and 5-dprime divisor function graph are 19, 65, and 211, re-
spectively.
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For simplicity, we just denote by I'y the k- dprime divisor function graph Gp( Some of the

basic properties of I'y is given in the next series of results.

n=pip2...pg)"

Theorem 2.3. The number of vertices in T, is 2F, that is, the order of Ty, is 2F.

Proof. The result follows from the composition of vertices in I'y and the fact that an integer with canonical
representation pi'ps? ... p¢ has (e1 +1) - (e2+1)-...- (e, + 1) divisors. O

Remark 2.4. The number of vertices in 3-dprime, 4-dprime, and 5-dprime divisor function graph that were
obtained in Example 2.2 agrees with Theorem 2.3.

Theorem 2.5. Ifv € V(I'y), then

2k 1 ifv=1,n

degry (v) = {2‘”(”) 4 2k—w®) _ 9 otherwise

where w(v) is the number of distinct prime divisors of v.

Proof. To prove the theorem, we will consider 3 cases.

Case 1: If v = 1. If v = 1, then there are 2¥ integers in V(I'},) (including v) that are divisible by v.
By noting that in F(T';) we must have u # v, we conclude that there are 2¥ — 1 vertices that are incident
to v, by considering the number of integers in V(I'y) that are divisible by v. Next, we consider the number
of integers in V(I'y) that divides v. The only integer in V(I'y) that divides v is v itself. By noting that in
E(T'y) we must have u # v, we conclude that there is no vertex incident to v, by considering the number of
integers in V/(I'y,) that divides v. All in all, we have 2¥ — 1 edges incident to v. Hence, degr, (v) = 2% — 1.

Case 2: If v = n. If v = n, then there is one integer in V' (I'y) that is divisible by v, v itself. By noting
that in F(T'y) we must have u # v, we conclude that there is no vertex incident to v, by considering the
number of integers in V(I'y) that are divisible by v. Next, we consider the number of integers in V(I'y) that
divides v. There are 2¥ integers in V(I'},) (including v) that divides v. By noting that in FE(T}) we must
have u # v, we conclude that there are 2¥ — 1 vertices incident to v, by considering the number of integers
in V(I'},) that divides v. All in all, we have 2¥ — 1 edges incident to v. Hence, degr, (v) = 2 — 1.

Case 3: If v € V(I'y) — {1,n}. Let v € V(I'y) — {1,n} and denote by w(v) the number of its distinct
prime divisors. Note that since v | n, and n = pipy...pr, we know that v is a product of w(v) distinct
primes.

Now, let us first count the number of integers in V(I'y) that divides v. Since v is a product of w(v)
distinct primes, if we use the fact that an integer with canonical representation pi'ps?...p¢" has (e; + 1) -
(eg+1)-...-(e,+1) divisors, we conclude that there are 2¢(*) integers in V (T'y) that divides v. But in E(T';)
we must have u # v, so if we consider the number of integers in V(I'y) that divides v, we have ow(v) _ 1
edges that are incident to v. Before we proceed, we note that the vertices u that are incident to v in this
case satisfies the inequality w(u) < w(v). This is because (i) v < v and (ii) if uw € V(I'y) such that u # v,
and w(u) = w(v) then ut v.

Next, we count the number of integers in V(I'y) that are divisible by v. Note that if v € V(I'y) such
that v # v, and w(u) = w(v) then v { u. So we start the counting for integers u with w(u) > w(v). By
counting, there are (kf‘f(”)) integers u in V(I'y) with w(u) = w(v) 4+ 1. Similarly, by counting, we know
that there are (kfg(”)) integers w in V(T'y) with w(u) = w(v) + 2. In general, for j = 1,2,...,k — w(v), a
counting technique asserts that there are (k_‘;(”)) integers u in V(I'y) with w(u) = w(v) + j. All in all we

k—w(v)
k—
have Z ( w(v)> number of integers in V' (I'y) that are divisible by v that are not equal to v.
: J
J=1
k—w(v) i ( )
—w(v
Hence, there are 2@(v) _ 1 4 Z ( ] ) number of vertices that are incident to v. If we use the
4 J
J=1

n
identity g (n) = 2", we conclude that there are 2¢(®) 4 25=«() _ 9 incident edges to v. Hence, the degree
. J
7=0

of v is given by 2¢(V) 4 2k—w(v) _ 9,
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O

Remark 2.6. The degree of a vertex in 3-dprime, 4-dprime, and 5-dprime divisor function graph that were
obtained in Example 2.2 agrees with Theorem 2.5.

Remark 2.7. Let j =0,1,...,k. In I', there are (I;) vertices with j distinct prime divisors.

The next result gives a recursive formula in determining the size of I'y. The formula is dependent on the
size of [',_1 and the degree of vertices in I'y_1.

Lemma 2.8. Let 'y, and I',_1 denote the k-dprime and k — 1-dprime divisor function graph respectively. If
['x—1 has degree sequence (deg(v1),deg(va), ..., deg(ver—1)) arranged in increasing order of number of distinct

divisors, then
2]671

[E(TR)| = [ECk-1)| + Y (deg(vi) +1).
i=1

Proof. First, note that I'y_1 is a subgraph of I'y. So, all the edges in I'y_; also belong to I'y. Also, observe
that V(I'y) = V(I'k—1) U{vpg : v € V(I'k—1)}. This means that in order to determine the number of edges
of I'k, it is enough to consider the number of edges contributed by the vertices in {vpy : v € V(I'y—1)} and
add it to |E(Tg—1)|-

We claim that if u € {vpy : v € V(I'y,_1)} then u = vpj, contributes deg(v) + 1 edges in the graph I'y. To
prove our claim, we proceed by counting the number of edges contributed by u in I'y avoiding duplication,
which is equal to the number of integers in V(I'y_1) that divides v added by the number of integers in
{vpg : v € V(I'k,—1)} that are divisible by u.

The number of integers in V (I'y_1) dividing u is equal to the number of integers in V(I'x_1) that divides
v plus one (since v | u). So, we have 2*(*) integers dividing u in V(I';_;). On the other hand, the number
of integers in {vpy : v € V(I'y_1)} that are divisible by w is equal to the number of integers divisible by v in
V(['_1) which is 2k=D=«() _ 1 All in all, u contributes a total of 2¢(*) 4 2(k=D=w(v) _ | — deg(v) + 1.

2k—1

Using the just proved claim, we conclude that there are a total of Z (deg(v;) + 1) edges contributed

i=1
by the vertices in the set {vpy : v € V(I'x_1)} in the graph I'y. If we add that sum to |E(I'x_1)| we have
[E(T)]- O

A formula on how to compute for |E(T'y)| using only the variable k is given in the next theorem.
Theorem 2.9. The graph '), has 3% — 2% number of edges. That is, the size of I'), is 3% — 2.

Proof. If we combine Lemma 2.8 with Theorem 2.5 and Remark 2.7 we get

k—1
kE—1 o )
LRI CANTES B G L)
=0~ 7
k—1
. N . E—=1\ ki1 ; : . .
Now, we wish to simplify the expression Z ) (277" + 27 — 1) in the above equation by using
; J
=0
" /n AN :
the identities Z ( ) = 2" and Z < > 27 = 3". By simplifying, we have
, J - J
7=0 7=0

—_

kz_é (k ; 1) (2F 742l 1) = 2 <k ; 1) (2k19) +§ <k ; 1) (27) = :O (k ; 1)

.
.

k—1 + 3k:—1 _ 2k—1
(kal) _ 2]671.

N W
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Thus, we now have

|B(w)| = [E(Ce-1)| +2(3"1) — 2% (1)

We note that the 0-dprime divisor function graph has |E(Ig)| = 0. So, solving the recurrence relation
in Equation (1) with the initial condition |E(Ig)| = 0 gives

k-1 k-1
|E(Ty)| = |B(To)| +2) 37 =) 2
j=0 §=0

3k —1 .
=ECo)+2(—5—) - (2"-1)
=0+3"—1-2F41
=3k 2",
O

Remark 2.10. Using Theorem 2.9, one can verify that I's has 33 — 22 = 19 number of edges. Also, I'y has
3* — 24 = 65 number of edges. Finally, I's has 35 — 25 = 211 number of edges. The results agree with the
results stated in Example 2.2.

We now end the section by presenting some results about distance between vertices in k-dprime divisor
function graph.

Lemma 2.11. Let T'y, denote the k-dprime divisor function graph. If u,v € V(T'y) then

0 ifu=w
dr,(u,v) =<1 ifu is adjacent to v

2  otherwise.

Proof. Clearly, dr, (u,v) = 0 if u = v and dr, (u,v) = 1 if u is adjacent to v. Now, if u is not adjacent to
v, then the path u — 1 — v is a shortest path from u to v. Another shortest path from u to v is the path
u — n — v. Hence, dr, (u,v) = 2, if u is not adjacent to v. O]

Corollary 2.12. Let 'y denote the k-dprime divisor function graph. The diameter of Iy denoted by
diam(T'y) is 2.
3 Some Indices of the k-dprime Divisor Function Graph

Given a family of graphs G, a topological index is a function Top : G — R such that if I'y,['s € G,
and 'y = I'y then Top(I'1) = Top(T'2). In this section, we give some general results about the following
distance-based and degree-based topological indices of the k-dprime divisor function graph 'y

Wiener Index: W (') = Z dr, (u,v)
{U,U}QV(Fk)

Hyper-Wiener Index: WW (['y) = % Z [dr, (u,v) + (dr, (u,v))?]
{“’v}gv(rk)

1
Harary Index: H(I'y) = Z (o)
U, v
{uo}CV(ry) R
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First Zagreb Index: M;(I'y) = M (T'y) = Z (degr, (u))?.
ueV (')

To effectively calculate the first three indices, we need to recall the concept of graph’s distance matriz as
well as its variants, the square distance matriz and the reciprocal distance matriz. The distance matrix of
a graph G of order |V (G)|, denoted by D(G) is the |V (G)| x |V(G)| matrix D with entries [d;;] = dg(vs, v;).
On the other hand, the square distance matrix of a graph G, denoted by D?(G) is the matrix with
ij-entry equal to (dg (v, v;))%. Lastly, the reciprocal distance matrix of a graph G, denoted by D™(G)
is the matrix with ¢j-entry equal to m Once the distance matrix of a graph and its variants have been
determined, the Wiener, hyper-Wiener, and Harary index of the gaph can be easily calculated as shown in
the next example.

Example 3.1. It follows from the graph of the 3-dprime divisor function graph I's in Example 2.2 that

e e e e e =)
=N =N NN O
o= N = N O N
o= =N O NN

R NN ON—- ==
N ONF N =
O NN = = DN
(i N e e e

where the matrix is indexed by the ordered set {1, p1, p2, ps, p1p2, P1P3, P2p3, P1P2ps }. If we use the definition
of the Wiener index, we have

W(l's) = Z dr, (u,v)

{u,v}QV(I‘g)

= Y dr(Lo)+ Y dr(pno) . > dr, (p1p2ps, v)

veV(T's) veV(I's)—{1} veV(I'3)—{1,p1,p2;-..,p2p3}

1
=3 > ldy]
1<i,j<|V (Ts)|
74

2
= 37.

In a similar manner, one can show that

S n@o)?=s Y [y
2

{u,v}CV(Ts) 1<i,j<|V(['s)|

and

d
{U,U}QV(F;g)

So, by knowing the matrices
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01111111
10441141
14041411
14404111
2 _
D) =11 1 1 40441
11414041
14114401
1111111 0]
and
o 1 1 1 1 1 1 1
1 0 1/2 1/2 1 1 1/2 1
1 1/2 0 1/2 1 1/2 1 1
ey 112 172 0 1/2 1 1 1
Do) =1 1 /2 0 1/2 1/2 1|’
1 1 1/2 1 1/2 0 1/2 1
1 1/2 1 1 1/2 1/2 0 1
t 1 1 1 1 1 1 0]

we can easily compute the hyper-Wiener index and the Harary index of the 3-dprime divisor function
graph as shown in the next page.

W) =5 S [dn (o) + (dry ()]
{u,v}CV(I's)

S dn(wo)+ Y (e 0)?

| {u,0}CV(3) {u,w}CV(I's)

1
W(Ts) + 5 S (diy)
1<i,§<|V(Ts)]

N =

N | =

1
5 (37 +55)
= 46.

Remark 3.2. In general, given a connected graph G, the value of W(G) can be computed by adding all
the entries in D(G) and then dividing the result by 2. For the Harary index, it can be computed by adding
all the entries in D~!(G) and then dividing the result by 2. Finally, for the hyper-Wiener index, it can be
calculated by adding half of W(G) to quarter of the sum of all the entries in D?(G).

Before we present the general results, we emphasize that the sum of all the vertex degrees in a graph G is
equal to 2|E(G)|. Now, we present the general results.
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Theorem 3.3. Let 'y, denote the k-dprime divisor function graph. The Wiener index of 'y, denoted by

W(T') is given by

W(Ty) = 2% — 3%,

Proof. Let us denote by S(D(I'y)), the sum of all the entries in D(I';). Note that the entries in D(I'y) are
either 0, 1, and 2 as stated in Lemma 2.11, and that all in all we have 2% x 2% = 22% entries. Clearly, there

are 28 0’s in D(I'y). On

the other hand, there are 2(3% — 2) entries in D(T';) whose value is 1. This is

because dr, (u,v) = 1 implies u and v are adjacent, which contributes one count in the vertex degree of u
and v respectively. Hence, the total number of 1’s in D(I';) corresponds to the sum of all vertex degrees in
I}, which is equal to 2|E(T})|. If we apply Theorem 2.9 we get the result that there are 2(3% — 2%) entries
in D(T';x) whose value is 1. Finally, there are 22% — 2% — 2(3F — 2¥) entries in D(T';) with value 2.

Now, by Remark 3.2 we have

W(ly) =

S(DT%))

~2R(0) +2(3%F — 27)(1) + [22F — 28 — 2(3% — 2M)](2)
2

= (3% —2k) 422k _ ok _2(3% — 2k

— 22k _ 2k _ (Sk: _ 2k)

= 9%k _ 3k,

O

Theorem 3.4. Let Iy, denote the k-dprime divisor function graph. The hyper-Wiener index of 'y, denoted

by WW (T'y) is given by

WW () = 2871 (28 2% 1 1) — 2(3).

Proof. If we use proof tecnique similar to the proof of Theorem 3.3 we have

WW (L)

_ %W(Fk) n S(DZ(Fk))
_ %W(Fk) N [Qk(O) +2(3" - 2F)(1) + Ef% —2F —2(3F - 2k)](4)]
_ %(2% B 3k> N [Z(Sk _ Qk) 4 22k+24_ 9k+2 _ 8(3k _ Qk)]
B 92k+1 _ 2(3k) + 92k+2 __ 9k+2 _ 6(3k _ 2k)
_2REMR oM 4+ 9) A: 8(3%)
_ ok+1(gk+1 4 2%“ +1) — 8(3%)
4

O

Theorem 3.5. Let I'y, denote the k-dprime divisor function graph. The Harary index of 'y, denoted by

H(Ty) is given by

212k — 3) + 3*

Hy) = 5
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Proof. If we use proof tecnique similar to the proof of Theorem 3.3 we have

S(IDYT
H(ry) = STk
_2F(0) 4+ 2(3F — 2%) (1) + [22F — 2F — 2(3F — 2M)] (3)
- 2
B 2(3k . 2k) + 22k—1 o 2k—1 o (3k . 2k)
a 2
22k’—1 _ 2k—1 + 3k _ 2k’
- 2
_ 2kl(9k —3) 43k
- 5 ,

O

Remark 3.6. If we use the results in Theorems 3.3, 3.4, and 3.5 to determine the Wiener, hyper-Wiener,
and Harary index of I's, we get W (I'3) = 37, WW (I's) = 46, and H(I's) = 23.5. The computed values agree
with those presented in Example 3.1.

We now end the section by giving the general formula in determining the first Zagreb index of the
k-dprime divisor function graph.

Theorem 3.7. Let 'y, denote the k-dprime divisor function graph. The first Zagreb Index of I'y, denoted
by M1 (Ty) is given by

k—1
M,y () = 2(2% 2+ ( ) (27 4 2k — 2)2,
1

<.

Proof. The result follows by combining Theorem 2.5 and Remark 2.7 with the definition of the first Zagreb
Index.

O

4 Other Indices of k-dprime Divisor Function Graph

The second to the last section of this paper, is dedicated in determining the following topological indices of
k-dprime divisor function graph for & = 3,4, and 5 using their graph representation given in Example 2.2

Second Zagreb Index: M (G Z deg(u)deg(v)
weE(G)
Degree-Distance: DD(G) = Z [[deg(u) + deg(v)][d(u,v)]]
{uw}CV(G)

1

m 1
Balaban: J(G) = P Z (DuDy) 2
{uv}CE(G)

Gutman: Gut(G) = Z deg(u)deg(v)d(u,v)
{u.v}CV(G)

2
Harmonic: Hm(G) = Z
(wiCEE) deg(u) + deg(v)
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Randic: R(G) = Z !
ey VAeg()deg o)

First R-index: R'(G) = Z (r(v))2
veV(Q)

Second R-index: R*(G) = Z (r(w)r(v))
weE(G)

Third R-index: R3(G) = Z (r(u) + r(v))
weE(G)

Mostar index: Mo(G) = Z ’nu —ny).
weFE(G)

Theorem 4.1. If '3 denote the graph of 3-dprime divisor function graph, then

19 [52 4+ 124/70
J('s) = ¢ [35 }
DD(T'3) = 338

Gut(T's) = 769

589

RY(T'3) = 25 + 6t*
R%(T'3) = % + 12st + 15t>

R3('3) = 14s + 42t
where s =7-454+31 and t =72 -4° + 34

23 + 12ﬁ]

R(l's) = [ 14

My(T'3) = 481

Mo(T'3) = 36.
Before we present the proof, let us first consider some definitions.

Definition 4.2. For any simple connected graph G and a vertex v € V(G), the expressions

Sy=1[ > deg(u)] —deg(v)

ueV(G)
and
[Lucv(a) deg(u)

M, =
deg(v)
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are the sum and multiplication degree of v, respectively, whereas the R degree of v is defined as r(v) =
Sy + M,. Meanwhile, the first R index of G is R'(G) = Z (r(v))2. Then the second R index of G is
veV(Q)
R*(Q) = Z [r(u)r(v)]. Finally, the third R index of G is R*(G) = Z [r(u) + r(v)].
weE(G) weE(G)

Proof. We will only show the proof for the Randic index, and first, second, and third R indices of 3-dprime
divisor function graph. The other result can be proved similarly.
Based on the definition of the Randic index we have

1
RT3 = >
{uv}CE(Ts) deg(u)deg(v)
1[ 1 1
2 -
2 {h,};(rg) deg(1)deg(v) {W}zg;ﬂ(rg) deg(ny)deg(v)

—+

1 1
{nw}zg:E(F?)) deg(nZ)deg(v) i {n3v}zg;5(pg) deg(n3)deg(v):|
1 1 1
S N R D ST

{1v}CB(3) {rn1v}CB(3)

+3

o R o
{nav}CE(Ty) RO R VT eg(v)

(L 8y s (2. 2y, 32, 2y, Ll o)
2lV7T\VT V4 VA\VT  VA) VANVT O Va) VT\VT VAT
Simplifying the above equation gives the desired result.

Next, we prove the result on the R indices of I's. Using the definition presented earlier for the R indices
of a graph, the sum and multiplication degree of each vertex in I's are

Sy =Sy, = 38—7=31
Sp, = Spy = 38—4=34
72_46

My = My, = — =745

72 . 46
My, = M, = 1 =72 47,
respectively. Letting s = r(1) = r(n3) = 7-45 + 31 and ¢t = r(n1) = 7(n2) = 7% - 45 + 34, then, by the
definition of the first R index, we get

RYT'3) = (7’(1))2 + 3[ Z (7"(711))2} + 3[ Z (r(ng))Q] + (r(ng))2
veV(I'3) veV(I's)

RY(T3) = s* +3(t%) + 3(+?) + s*

RY(T'3) = 2% + 6t°.

Using the formula for the second R index,we obtain the following results:

R2(I‘3):;H Z r(l)r(v)] +3[ Z r(nl)r(v)}

lveE(Ts) niveE(Ts)
w3 3 @]+ Y r(ng)r(v)]}
TLQ’L}GE(F;:,) TL3'U€E(F3)

R*(T'3) = % [s(s + 6t) + 3t(2s + 5t) + 3t(2s + 5t) + s(s + 6t)]

R*(T3) = s + 12st + 15¢2.
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Lastly, for the third R index, we have

R3(I'3) = % H Z r(1) + r(v)} + 3{ Z r(ny) + r(v)}

l’L)EE(Fg) ’l’Ll’UGE(Fg)

_,_3[ Z r(ns9) +r(v)} + [ Z r(n3) ‘H"(U)]}

naveE(T's) nzveE(T'3)
R3(I'3) = % [[(s+5) +6(s+1t)]+3[2(t + ) +5(t+t)] + 3[2(t + s) + 5(t + 1)) + [(s + ) + 6(s + )]
R3(T'3) = 145 + 42t.

Theorem 4.3. If I'y denote the graph of 4-dprime divisor function graph, then

T4 = 65 [202 + 16/330 + 66v/10 + 60v/33
Y7102 165

DD(Ty) = 3712

Gut(Ty) = 10557

36367

Hm(Ta) = —ea5

RY(Ty) = 25% + 8% 4 6w?
R*(Ty) = s* + 16st + 65w + 15t% + 24tw

R3(T'y) = 24s + 70t + 30w
where s =15-8% - 65 + 115, t =152 - 87 - 66 4122, w =152 -8% - 6° + 124

47 4+ 60v/3 + 12/10 + 8v/30
30

R(Ty) =
My(T'y) = 3993

Mo(T) = 268.

Proof. We will only show the proof for the Gutman index and Harmonic index. The other results can be
proved similarly.
From the definition of the Harmonic index, and the properties of 'y we get

2
Hm(Ty) = Y
(I CBTL) deg(u) + deg(v)

=§[(§>[ Y, w2, w o)

{1v}CE(Tq) {n1v}CET)

*@[ 2 deg(m)ideg(v)]*(g){ 2 deg<n3>2+deg<v>]

{n2v}CE(T4) {nsv}CE(y)

i @ [ 2 deg<n4>2+ deg<v>]

{nav}CE(T4)
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S\l 2, el il ) 2

{1v}CE(Ty) {n1v}CE(T4) {(nav}CE(T4)
2 2
> [+ ¥ H
{nsv}CETy) 8 + deg(v) {n4v}CE[T4) 15 + deg(v)

=3\ () ()] + [ 15)<2> ~(s55) 0+ (755)0)
+K6+215>(QH<6+8> ]+K8 21) ( )
+{<15i15>(1)+< ) +<15+6> ]

36367
4830
Similarly, for the Gutman index, we obtain the following
Gut(Ty) = Z deg(u)deg(v)d(u,v)
{u,0}CV(G)
1(/4
-1 [(O) [ deg(1)deg(v } ( ) [ deg(m)deg(@d(nl,v)}
{1,0}CV(Ty) {n10}CV(T
4
+ <2> [ Z deg(ng)deg(v)d(ng, v ] < ) [ deg(n;;)deg(v)d(ng,v)]
{n2,v}CV(T'4) {n3,v}CV(T'y)
4
—l—<4>[ Z deg(ny)deg(v n4v]
{n4,w}CV(Ty)
1
=5 “ Z 15deg(v)(l)} +4[ Z 8deg(v)d(n1,v)]
{10}CV(Ty) {n1,0}CV(T4)

+6[ > 6deg(v)d(n2,v)]+4[ > 8deg(v)d(n3,v)}

{’I’LQ,U}QV(F4) {ng,v}QV(F4)

+[ > 15deg(v)(1)H

{n4,0}CV(Ty)

[15[ Z deg(fu)} + 4(8)[ Z deg(v)d(ny, v)} + 6(6)[ Z deg(v)d(na, v)]

{1,0}CV(T'4) {n1,0}CV (I'4) {n2,0}CV(T's)

l\’)\r—t

+ 4(8)[ Z deg(v)d(ng,v)} + 15[ Z deg(v)H.

{n3,0}CV () {10}CV (Is)

Since the distance between any two distinct vertices in I'y is just 1 or 2, then
Cut(Ts) = [15[1(15)(1) +8(8)(1) + 6(6)(1)] +32[2(15)(1) + 3(3)(1) + 4(8)(2) + 3(6)(1) + 3(6)(2)]

+36[2(15)(1) + 4(8)(1) + 4(8)(2) + 5(6)(2)@ + 32[2(15)(1) + 3(8)(1) + 4(8)(2) + 3(6)(1) + 3(6)(2)]

+15[1(15)(1) + 8(8)(1) + 6(6)(1)]
=3712.
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Theorem 4.4. If I's denote the graph of 5-dprime divisor function graph, then

211 {19353 + 2601426 + 920+/403 + 1550598
362 9269

J(['5) =
DD(T'5) = 19682

Gut(T'5) = 124201

45901681

Hm(Ts) = 2272080
m(s) = 3106324

RY(T'5) = 25 + 10t + 20w?
R%(T'5) = s% 4 20st + 30sw + 20t + 100tw + 30w?

R3(T's) = 525 + 160t + 190w
where s = 31 -16'0-10%0 + 391, t = 312 - 167 - 10%° + 406 and w = 31% - 1610 . 1019 + 412

531 4+ 20+/31 4+ 16/310 4 310+/10

R(I'5) = T2

My(T'y) = 47401

Mo(T'5) = 1720.

Proof. We will only show the proof for the Degree-distance Index and second Zagreb Index of I's. The other
indices can be proved similarly.
From the definition of the second Zagreb index, we have

My(T's) = [()[ > deg(ydego)] + (7)| X degtnn)degto)]

lveE(Ts) niveE(Ts)

deg(ng)deg(v)]—i—(g)[ > deg(ng)deg(v)]
)[

7”L2’U€E F5 nngE(F5)
[ 1veE(Ts)

deg(n4)d€g(’0):| + (i) [ > deg(ns))deg(v)”]

nav€E(T's) nsveE(Ls)

31deg(v)]+5[ > 16deg(v)]+10[ > 10deg(v)}

nlveE(F5) TLQUEE(F5)

10deg(v)]—l—5[ > 16deg(v)}+[ > 31deg(v)H

n3veE(Ts) nazvEE(Ds) nsvEE(Ts)

l\?\l—‘

+10

31 +5(16) + 10(10)] + 5(16) [2(31) + 4(16) + 10(10)] + 10(10)[2(31) + 5(16) + 3(10)]

+ 10(10) [2(31) + 5(16) + 3(10)] + 5(16)[2(31) + 4(16) + 10(10)] + [31 + 5(16) + 10(10)]]
= 47401.
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For the Degree-distance index ofl's, we have

DD(Ts) = % [(g) LM}QZV(M (deg(1) + deg(v))d(1,v ] + G) LW}CV(FS) [deg(ny) + deg(v)]d(nl,v)]
+(5) [{W}%M deglna) + dego)tna, )| + (3) [{W};V(m deglna) + deg0)d(r, o)
N @ LM v}zcjv(m ldeg(n) + deg(v)]d(na, v)} 4 @ Lns’v}%:v(m ldeg(ns) + deg(v)]d(ns, U)H
% [ { 31 + deg(v)](l)] +5 L }Z [16 + deg(v)]d(n, v)]
1,0}CV(T5) n1,w}CV(T
+10 [ (10 + deg(v)]d(ns, v ] +10 [ 110 + deg(v)]d(ns, v)]
{n2,v}CV(I's) {n3,v}CV(I's)

+5[ > [16+deg(v)]d(n4,v)} + [ > Bl +deg(v)](1)u

{na,0}CV(Ts) {ns,0}CV(I's)
- % [[(31 +31)(1) + 10(31 + 16)(1) + 20(31 + 10)(1)}
+5 [2(16 +31)(1) + 4(16 + 16)(1) + 5(16 + 16)(2) + 10(16 + 10)(1) + 10(16 + 10)]
1)+ 5(10 + 16)(2) + 3(10 + 10)(1) + 16(10 + 10):
(1) )|
)(1) )

(
+10[2(10+31)(1)+5(10+16 ( )

(1) + 5(10 4 16)(2) + 3(10 + 10)(1) + 16(10 + 10
(

(
)
110 [2(10 +31)(1) + 5(10 + 16)
(

+5 [2(16 +31)(1) + 4(16 + 16)(1) + 5(16 + 16)(2) + 10(16 + 10)(1) + 10(16 + 10)]

+[(31431)(1) + 10(31 + 16)(1) +20(31 + 10)(1)]]

= 62(31) + 460(16) + 1040(10) = 19682

5 Conclusion and Some Problems

In this paper, we introduced the concept of k-dprime divisor function graph and determined some of its basic
properties. The general formula for its Wiener, hyper-Wiener, Harary, and First Zagreb index were also
presented. We then computed other topological indices of the k-dprime divisor function graph for k = 3,4, 5.

Since this is an introductory paper about k-dprime divisor function graph, there are so many possible
problems that the reader might consider. Some possible problems are (1) finding a general closed formula
in determining the indices of k-dprime divisor function graph that were presented in Section 4, and (2)
studying the energy and distance-eigenvalues of the k-dprime divisor function graph.

Acknowledgment
We would like to thank our loved ones, Josephine Joy and Jelie Bituin, for the inspiration. Also, we thank

our families and friends for giving us motivation to finish this paper. Finally, our deepest gratitude to the
Central Luzon State University for its unending support.



REFERENCES On k-dprime Divisor Function Graph 285

References

[1] G.S. Singh, and G. Santhosh, Divisor graphs - I, Preprint.

[2] G. Chartrand, R. Muntean, V. Saenpholphat and P. Zhang, Which graphs are divisor graphs?, Congr.
Numer., 151 (2001), pp. 189-200.

[3] C. Frayer, Properties of Divisor Graphs, Rose-Hulman Undergraduate Mathematics Journal, 4(2) (2003),
pp. 1-10.

[4] L.A. Vinh, Divisor graphs have arbitrary order and size, AWOCA (2006).

[5] Y.-P. Tsao, A simple research of divisor graphs, The 29th Workshop on Combinatorial Mathematics and
Computation Theory.

[6] K. Kannan, D. Narasimhan, and S. Shanmugavelan The graph of divisor function D(n), International
Journal of Pure and Applied Mathematics, 102(3) (2015), pp. 483-494.

[7] S. Shanmugavelan, K.T. Rajeswari, and C. Natarajan A note on indices of primepower and semiprime
divisor function graph, TWMS J. App. and Eng. Math., 11(special issue) (2021), pp. 51-62.

[8] J.A. Bondy, and U.S.R. Murty, Graph Theory, Springer, 2008.

[9] D.M. Burton, Elementary Number Theory, Seventh Edition, The McGraw-Hill Companies, 2010.

Email: jrantalan@clsu.edu.ph
Email: deleon. jerwin@clsu2.edu.ph
Email: dominguez.regine@clsu2.edu.ph



