Combinatorics, Cryptography, Computer Science and Computing
November. 17-18, 2021

Power graph of a finite group
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Abstract

The power graph P(G) of a group G is the graph whose vertex set is the group elements and two
elements are adjacent if one is a power of the other. In this paper, we consider some graph theoretical
properties of a power graph P(G) that can be related to its group theoretical properties.
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1 Introduction

All groups and graphs in this paper are finite. Throughout the paper, we follow the terminology and notation
of [8, 9] for groups and [11] for graphs.

Groups are the main mathematical tools for studying symmetries of an object and symmetries are usually
related to graph automorphisms, when a graph is related to our object. Groups linked with graphs have
been arguably the most famous and productive area of algebraic graph theory, see [1, 8] for details. The
power graphs is a new representation of groups by graphs. These graphs were first used by Chakrabarty et
al. [4] by using semigroups. It must be mentioned that the authors of [4] were motivated by some papers of
Kelarev and Quinn [5, 6, 7] regarding digraphs constructed from semigroups. We also encourage interested
readers to consult papers by Cameron and his co-workers on power graphs constructed from finite groups
2, 3].

Suppose G is a finite group. The power graph P(G) is a graph in which V(P(G)) = G and two distinct
elements x and y are adjacent if and only if one of them is a power of the other. If G is a finite group then
it can be easily seen that the power graph P(G) is a connected graph of diameter 2. In [4], it is proved that
for a finite group G, P(G) is complete if and only if G is a cyclic group of order 1 or p™, for some prime
number p and positive integer m.

Following [9, 10], two finite groups G and H are said to be conformal if and only if they have the same
number of elements of each order. In [10], the following question was investigated:

Question: For which natural numbers n are any two conformal groups of order n isomorphic?

Let G be a group and x € G. We denote by o(z) the order of x and G is said to be EPO—group, if
all non-trivial element orders of G are prime. An EPPO—group is that its element orders are prime power.
The set of all elements order of G is called its spectrum, denoted by 7.(G), A maximal subgroup H of G is
denoted by H < - G and the set of all elements of G of order k is denoted by Q4 (G).

Suppose I' is a graph. A subset X of the vertices of I" is called a clique if the induced subgraph on X is
a complete graph. The maximum size of a clique in I is called the cligue number of T and denoted by w(T").
A subset Y of V(I') is an independent set if the induced subgraph on X has no edges. The maximum size
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of an independent set is called the independence number of G and denoted by «a(G). The chromatic number
of I' is the smallest number of colors needed to color the vertices of I' so that no two adjacent vertices share
the same color. This number is denoted by x(T).

Throughout this paper our notation is standard and they are taken from the standard books on graph
theory and group theory such as [9, 11].

2 Main results

Suppose G is a finite group of order n. Chakrabarty, Ghosh and Sen [4] proved that the number of edges of
P(G) can be computed by the following formula:

5 2{20 o(a)) — 1},

aEG
where ¢ is the Euler’s totient function. In the case that G is cyclic, we have:
1
=5 > _{2d - é(d) — 1}¢(d).
dln
Moreover, P(Z,) is nonplanar when ¢(n) > 7or n = 2", m > 3. Finally, if n > 3 then P(Z,,) is Hamiltonian.

Suppose D(n) denotes the set of all positive divisors of n. It is well-known that (D(n),|) is a distributive
lattice. D(n) is a Boolean algebra if and only if n is square-free. In the following theorem we apply the
structure of this lattice to compute the clique and chromatic number of P(Z,).

Theorem 2.1. Suppose G is a group and A C G. The vertices of A constitute a complete subgraph in P(Q)
if and only if {(x) | © € A} is a chain.

Theorem 2.2. Suppose n = p{'p5? - p2r, where py < pa < ... < p, are prime numbers. Then

w(P(Zn)) = x(P(Zn)) = py" + i (55" = <H¢ (5" ) :
i=

Theorem 2.3. Suppose that G is a full exponent group and n = Exp(G) = pf1p§2 . pr , where p1 < pg <

.. < pr are prime numbers. If x is an element of order n then

W(P(G)) = X(P(G) = p]" + Z (w75 <H<z> (#)"3) ) '
J=
Corollary 2.4. Let G be a finite group. Then the power graph P(G) is planar if and only if m.(G) C
{1,2,3,4}.

In [4, Lemma 4.7], the authors proved that if G is a cyclic group of order n, n > 3 and ¢(n) > n then
P(G) is not planar. Also, in [4, Lemma 4.8] it is proved that a cyclic group of order 2", n > 3, is not
planar. In the following corollary we apply Corollary 4 to find a simple classification for planarity of the
power graph of cyclic groups.

Corollary 2.5. The power graph of a cyclic group of order n is planar if and only if n = 2,3, 4.

References

[1] N. Biggs, Algebraic Graph Theory, Second ed., Cambridge Univ. Press, Cambridge, 1993.

[2] P. J. Cameron, S. Ghosh, The power graph of a finite group, Discrete Mathematics, 311 (2011) 1220—
1222.



560 Mahsa Mirzargar

[3] P. J. Cameron, The power graph of a finite group, II, Journal of Group Theory 13 (2010) 779-783.

[4] I. Chakrabarty, S. Ghosh, M. K. Sen, Undirected power graphs of semigroups, Semigroup Forum 78
(2009) 410-426.

[5] A. V. Kelarev, S. J. Quinn, A combinatorial property and power graphs of groups, Contributions to
general algebra, 12 (Vienna, 1999), 229-235, Heyn, Klagenfurt, 2000.

[6] A. V. Kelarev, S. J. Quinn, Directed graph and combinatorial properties of semigroups, Journal of
Algebra 251 (2002) 16-26.

[7] A. V. Kelarev, S. J. Quinn, A combinatorial property and power graphs of semigroups, Commentationed
Mathematicae Universitatis Carolinae 45 (2004) 1-7.

[8] J. Lauri, R. Scapellato, Topics in Graphs Automorphisms and Reconstruction, London Mathematical
Society Student Texts 54, Cambridge University Press, Cambridge, 2003.

[9] G.A. Miller, H. F. Blichfeldt, L. E. Dickson, Theory and applications of finite groups, Dover Publications,
Inc., New York, 1961.

[10] R. Scapellato, Finite groups with the same number of elements of each order, Rendiconti di Matematica,
Serie VII, 8 (1988) 339-344.

[11] D. B. West, Introduction to Graph Theory, Prentice Hall. Inc. Upper Saddle River, NJ, 1996.

Email: m.mirzargar@gmail.com



