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 ABSTRACT 

Assume that 𝐴 is a set with 𝑚 elements.   
A = {1,2, … , m} 

Also, assume that consider that  At be the set of all partitions of  A whose number of members in 

each section is less than or equal to t. 

In this case, we intend to calculate the number of members of this set. Also in the special case when 

t = 2, we show that  

cardinal(A2) = cardinal(B2) + (𝑚 − 1)cardinal(C2) 

When: 

 

B = {1,2, … , m − 1} 

C = {1,2, … , m − 2} 

Also,  

⎹A2⎹ = ∑
m!

𝑘! (𝑚 − 2𝑘)! 2𝑘

[
𝑚
2

]

𝑘=𝑜
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1 INTRODUCTION 

A partition is a way of writing an integer as a sum of positive integers where the order of the addends 

is not significant, possibly subject to one or more additional constraints. By convention, partitions are 

normally written from largest to smallest addends. In mathematics, a partition of a set is a grouping of its 

elements into non-empty subsets, in such a way that every element is included in exactly one subset.  

Every equivalence relation on a set defines a partition of this set, and every partition defines an equivalence 

relation. A set equipped with an equivalence relation or a partition is sometimes called a setoid, typically 

in type theory and proof theory. 

Based on the equivalence between geometric lattices and matroids, this lattice of partitions of a finite 

set corresponds to a matroid in which the base set of the matroid consists of the atoms of the lattice, namely, 

the partitions with singleton sets and one two-element set. These atomic partitions correspond one-for-one 

with the edges of a complete graph. The matroid closure of a set of atomic partitions is the finest common 

coarsening of them all; in graph-theoretic terms, it is the partition of the vertices of the complete graph into 

the connected components of the subgraph formed by the given set of edges. In this way, the lattice of 

partitions corresponds to the lattice of flats of the graphic matroid of the complete graph. 

https://en.wikipedia.org/wiki/Mathematics
https://en.wikipedia.org/wiki/Empty_set
https://en.wikipedia.org/wiki/Subset
https://en.wikipedia.org/wiki/Equivalence_relation
https://en.wikipedia.org/wiki/Set_(mathematics)
https://en.wikipedia.org/wiki/Setoid
https://en.wikipedia.org/wiki/Type_theory
https://en.wikipedia.org/wiki/Proof_theory
https://en.wikipedia.org/wiki/Matroid
https://en.wikipedia.org/wiki/Atom_(order_theory)
https://en.wikipedia.org/wiki/Complete_graph
https://en.wikipedia.org/wiki/Matroid#Closure_operators
https://en.wikipedia.org/wiki/Vertex_(graph_theory)
https://en.wikipedia.org/wiki/Connected_component_(graph_theory)
https://en.wikipedia.org/wiki/Graphic_matroid
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Partitions can be graphically visualized with Young diagrams or Ferrers diagrams. They occur in a 

number of branches of mathematics and physics, including the study of symmetric polynomials and of 

the symmetric group and in group representation theory in general. There are two common diagrammatic 

methods to represent partitions: as Ferrers diagrams, named after Norman Macleod Ferrers, and as Young 

diagrams, named after the British mathematician Alfred Young. Both have several possible conventions; 

here, we use English notation, with diagrams aligned in the upper-left corner.The asymptotic growth 

rate for 𝑝(𝑛) is given by: 

 log(𝑝(𝑛)) ~𝐶√𝑛  𝑎𝑠 𝑛 → ∞ 

Where, 

𝐶 = 𝜋√
2

3
. 

The more precise asymptotic formula (see [1]): 

 

𝑝(𝑛)~
1

4𝑛√3
exp (𝜋√

2𝑛

3
) 𝑎𝑠 𝑛 → ∞, 

was first obtained by G. H. Hardy and Ramanujan in 1918 and independently by J. V. Uspensky in 1920. 

A complete asymptotic expansion was given in 1937 by Hans Rademacher. If A is a set of natural numbers, 

we let  pA(n) denote the number of partitions of n into elements of  A. If A possesses positive natural 

density α then 

log pA(n)~C√αn    as  n → ∞. 

and conversely if this asymptotic property holds for pA(n) then A has natural density α. This result was 

stated, with a sketch of proof, by Erdős in 1942. (See [2] and [3)] 

In this context, the previous work we did in this field can be expressed as the following theorem. 

 

Theorem A. Assume that 𝐴 is a set with 𝑀 elements. Also, consider that we intend to divide this set 

into 𝑝 partitions. Some subsets may even be empty. Therefore, the value of mathematical expectation of 

members of the largest subset is equal to: 

 

 

 (∑ ∑(−1)𝑗+1

𝑝

𝑗=1

𝑀

𝑖=1

(
𝑝
𝑗 )

(
𝑀 + 𝑝 − 1 − 𝑖𝑗

𝑝 − 1
)

(
𝑀 + 𝑝 − 1

𝑝 − 1
)

) − 1. 

2 MAIN RESULTS 

Main Theorem. Assume that 𝐴 is a set with 𝑚 elements.   
A = {1,2, … , m} 

Also, assume that consider that  At be the set of all partitions of  A whose number of members in 

each section is less than or equal to t. 

https://en.wikipedia.org/wiki/Young_diagram
https://en.wikipedia.org/wiki/Ferrers_diagram
https://en.wikipedia.org/wiki/Mathematics
https://en.wikipedia.org/wiki/Physics
https://en.wikipedia.org/wiki/Symmetric_polynomial
https://en.wikipedia.org/wiki/Symmetric_group
https://en.wikipedia.org/wiki/Group_representation
https://en.wikipedia.org/wiki/Norman_Macleod_Ferrers
https://en.wikipedia.org/wiki/Alfred_Young
https://en.wikipedia.org/wiki/Asymptotic_expression
https://en.wikipedia.org/wiki/Asymptotic_expression
https://en.wikipedia.org/wiki/G._H._Hardy
https://en.wikipedia.org/wiki/Ramanujan
https://en.wikipedia.org/wiki/J._V._Uspensky
https://en.wikipedia.org/wiki/Hans_Rademacher
https://en.wikipedia.org/wiki/Natural_density
https://en.wikipedia.org/wiki/Natural_density
https://en.wikipedia.org/wiki/Partition_(number_theory)#cite_note-erdos42-17
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In this case, we intend to calculate the number of members of this set. Also in the special case when 

t = 2, we show that  

cardinal(A2) = cardinal(B2) + (𝑚 − 1)cardinal(C2) 

When: 

 

B = {1,2, … , m − 1} 

C = {1,2, … , m − 2} 

Also,  

⎹A2⎹ = ∑
m!

𝑘! (𝑚 − 2𝑘)! 2𝑘

[
𝑚
2

]

𝑘=𝑜

 

 

 Proof.  First assume that  

t = 2, m = 3. 
Therefore, 

A2 = {(1,1,1), (1,2)}. 
Thus, we have  

 

⎹A2⎹ = (
3
0

) + (
3
0

) (
3
1

) = 1 + 3 = 4 

In another special case assume that: 

t = 2, m = 6. 
A2 = {(1,1,1,1,1,1), (1,1,1,1,2), (1,1,2,2), (2,2,2)}. 

Thus, we have  

 

⎹A2⎹ = (
6
0

) + (
6
0

) (
6
2

) + (
6
0

) (
6
2

) (
4
2

) + 1 ∗ 5 ∗ 3 ∗ 1 = 1 + 15 + 45 + 15 = 76 

 

With this preliminary discussion, we have: 

cardinal(A2) = cardinal(B2) + (𝑚 − 1)cardinal(C2) 

When: 

 

B = {1,2, … , m − 1} 

C = {1,2, … , m − 2} 

 

In fact, we do two ways to prove the above. First, we separate a member. Let's assume that this member is 

going to be placed alone in a single member subset. Now we look at the problem with a different 

perspective. We separate a member again and assume that this member is going to be placed in a 2-member 

set as a subset. 

Of course, this selected member should be a permanent member. For example, the number should be one. 

In fact, once we assume that the number is placed alone in a subset, and once again we assume that the 

number one is placed in a two-member subset. 

Actually, with this discussion, we reach a restored relationship, which was one of our desired goals. 

We can have another attitude to solve this problem. In fact, it is sufficient to count the number of two-

membered subsets of a set, on the condition that some members of the set are in single-member subsets. 
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Suppose we have a set of m members and we want to count the number of subsets of which k are 

two-membered and m-2k are single-membered subsets. The number of such subsets is equal to: 

 
m!

𝑘! (𝑚 − 2𝑘)! 2𝑘
 

 

In fact, the idea of calculating the above formula is that we can choose the members in pairs. Now, 

considering the permutation within each category, we will have two pairs and k permutation: 

 
1

2𝑘
⨉

1

𝑘!
⨉

m!

(𝑚 − 2𝑘)!
=

m!

𝑘! (𝑚 − 2𝑘)! 2𝑘
 

Therefore,  

⎹A2⎹ = ∑
m!

𝑘! (𝑚 − 2𝑘)! 2𝑘

[
𝑚
2

]

𝑘=𝑜

 

 

But when the number of members of the subsets is more than two, the problem becomes a little more 

complicated and getting an explicit formula or even a return relationship for this problem does not seem 

simple.  

According to the reliable references that exist about generating functions, it can be shown that: 

⎹At⎹ = 𝑒(𝑥+
𝑥2

2
+⋯+

𝑥𝑡

𝑡
)
 

Readers can refer to the references according to the complexity of proving this matter. 

□ 

3 ACKNOWLEDGEMENTS 

The author thanks the Research Council of the University of Garmsar for support. 

REFERENCES 

[1]  Hardy, G.H. (1920). Some Famous Problems of the Theory of Numbers. Clarendon Press. 
[2] Nathanson, M.B. (2000). Elementary Methods in Number Theory. Graduate Texts in 

Mathematics. 195. Springer-Verlag.   
[3]  Erdős, Pál (1942). "On an elementary proof of some asymptotic formulas in the theory of 

partitions". Ann. Math. (2). 43 (3): 437–450.  
[4]  Knuth, Donald E. (2013), "Two thousand years of combinatorics", in Wilson, Robin; Watkins, John J. 

(eds.), Combinatorics: Ancient and Modern, Oxford University Press, pp. 7–37 
[5]  Halmos, Paul (1960). Naive Set Theory R. Springer. p. 28. ISBN 9780387900926. 
[6]  Lucas, John F. (1990). Introduction to Abstract Mathematics. Rowman & Littlefield. 

p. 187. ISBN 9780912675732. 
[7]  Birkhoff, Garrett (1995), Lattice Theory, Colloquium Publications, vol. 25 (3rd ed.), American 

Mathematical Society, p. 95, ISBN 9780821810255. 

https://archive.org/details/in.ernet.dli.2015.84630
https://en.wikipedia.org/wiki/Springer-Verlag
https://en.wikipedia.org/wiki/Paul_Erd%C5%91s
https://en.wikipedia.org/wiki/Donald_Knuth
https://books.google.com/books?id=x6cZBQ9qtgoC&pg=PA28
https://en.wikipedia.org/wiki/ISBN_(identifier)
https://en.wikipedia.org/wiki/Special:BookSources/9780387900926
https://books.google.com/books?id=jklsb5JUgoQC&pg=PA187
https://en.wikipedia.org/wiki/ISBN_(identifier)
https://en.wikipedia.org/wiki/Special:BookSources/9780912675732
https://en.wikipedia.org/wiki/Garrett_Birkhoff
https://books.google.com/books?id=0Y8d-MdtVwkC&pg=PA95
https://en.wikipedia.org/wiki/ISBN_(identifier)
https://en.wikipedia.org/wiki/Special:BookSources/9780821810255

