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Abstract
Based on the concept palindromic Ziv-Lempel factorization of an infinite word, we apply such a

factorization on the infinite Fibonacci word and we present a closed form for it. This paper is based on a
joint work with M. Jahannia, N. Rampersad and M. Stipulanti.
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1 Introduction

Among factorizations of words used in text compression, the Ziv-Lempel [10] and Crochemore [4] factor-
izations are very well-known. As in [8] we consider infinite words and we use new variations of these
factorizations based on the requirement that each factor is palindromic. In this paper we start indexing
words at 0, thus, if we denote the length of a finite word u by |u|, then we can write u = u0 · · ·u|u|−1, where
each ui is an element of the given alphabet A. We denote infinite words by bold characters. For an infinite
word w and a finite word u, we say that there is an occurrence of u at position j in w if w = puw′ for some
word p of length j and some infinite word w′.

Given an infinite word w, the Ziv–Lempel or z-factorization of w is the factorization

z(w) = (z1, z2, z3, . . .)

where zi is the shortest prefix of zizi+1zi+2 · · · such that there is no occurrence of zi in w at any position
j < |z1z2 · · · zi−1|. For instance, if f is the Fibonacci word, we have

z(f) = (0, 1, 00, 101, 00100, 10100101, . . .).

Note that if w is ultimately periodic the z-factorization is not well-defined, since eventually there will
be no factors that do not occur previously in w. We are not interested in ultimately periodic words in this
paper and will therefore ignore this possibility and assume that any infinite word considered in this paper
is aperiodic.
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In the context of combinatorics on words, the z-factorization has been computed for certain important
families of words. Berstel and Savelli [2] observed that the z-factorization of the Fibonacci word coincides
with the singular factorization of the Fibonacci word introduced by Wen and Wen [14]. Fici [5] has given
an excellent survey of these and other factorizations of the Fibonacci word. Ghareghani, Mohammad–
noori, and Sharifani [6] determined the z-factorization of standard episturmian words (epistandard words).
Constantinescu and Ilie [3] used the z-factorization to define the Lempel–Ziv complexity of an infinite word.

In [8] we have introduced the palindromic z-factorization pz(w) by requiring that each of the factors in
the previous definitions be palindromes. That is, the palindromic z-factorization of w is the factorization

pz(w) = (z1, z2, z3, . . .)

where zi is the shortest palindromic prefix of zizi+1zi+2 · · · such that there is no occurrence of zi in w at any
position j < |z1z2 · · · zi−1|. The palindromic z-factorization may not exist for certain infinite words w. For
instance, if w only contains palindromes of bounded length, then the palindromic z-factorization will not
exist. This type of factorization is therefore only interesting when applied to infinite words with arbitrarily
long palindromic factors. For instance, if f is the Fibonacci word, we have

pz(f) = (0, 1, 00, 101, 00100, 10100101, . . .).

The main result of this paper states that pz(f) and z(f) are the same, and in fact are equal to the
singular factorization of f (which we define later). In the sequel we mention some definitions and notation
from combinatorics on words. Let A be a finite alphabet, i.e., a finite set made of letters. A (finite) word w

over A is a finite sequence of letters belonging to A. If w = w0w1 · · ·wn ∈ A∗ with n ≥ 0 and wi ∈ A for all
i ∈ {0, . . . , n}, then the length |w| of w is n + 1, i.e., it is the number of letters that w contains. We let ε

denote the empty word. This special word is the neutral element for concatenation of words, and its length
is set to be 0. The set of all finite words over A is denoted by A∗, and we let A+ = A∗ \ {ε} denote the set
of non-empty finite words over A. An infinite word w over A is any infinite sequence over A. The set of all
infinite words over A is denoted by Aω. Note that in this paper infinite words are written with bold letters.

A finite word w ∈ A∗ is a prefix (resp., suffix) of another finite word z ∈ A∗ if there exists u ∈ A∗ such
that z = wu (resp., z = uw). The word w ∈ A∗ is said to be a factor of z ∈ A∗ if there exist u, v ∈ A∗

such that z = uwv. If z = xy is a finite word over A, we write x−1z = y and zy−1 = x. Observe that
if z = xyt with t, x, y, z ∈ A∗, then (xy)−1z = y−1(x−1z) and z(yt)−1 = (zt−1)y−1. In particular, for any
words u, v ∈ A∗, we have (uv)−1 = v−1u−1. In the same way, a finite word w ∈ A∗ is a prefix of an infinite
word z ∈ Aω if there exist u ∈ Aω such that z = wu. The word w ∈ A∗ is said to be a factor of z ∈ Aω

if there exist u ∈ A∗ and v ∈ Aω such that z = uwv. Let w = w0w1 · · ·wn ∈ A∗ with n ≥ 0 and wi ∈ A

for all i ∈ {0, . . . , n}. The mirror image, or reversal, of w is the word wR = wnwn−1 · · ·w0 over A, i.e., the
word obtained by reading w from right to left. We say that a word w over A is a palindrome if wR = w.

A factorization of a finite word w ∈ A∗ is a finite sequence (xn)0≤n≤m of finite words over A such that

w =

m∏
n=0

xn.

Similarly, a factorization of an infinite word w ∈ Aω is a sequence (xn)n≥0 of finite words over A such that

w =
∏
n≥0

xn.
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A morphism on A is a map σ : A∗ → A∗ such that for all u, v ∈ A∗, we have σ(uv) = σ(u)σ(v). In order
to define a morphism, it suffices to provide the image of letters belonging to A. A morphism is said to be
prolongable on a letter a ∈ A if σ(a) = au with u ∈ A+ and σ is non-erasing, i.e., the image of no letter is
the empty word. If σ is prolongable on a, then σn(a) is a proper prefix of σn+1(a) for all n ≥ 0. Therefore,
the sequence (σn(a))n≥0 of finite words defines an infinite word w that is a fixed point of σ.

In combinatorics on words, given an alphabet A, a set X ⊂ A+ of non-empty words is a code on A if any
word w ∈ A∗ has at most one factorization using words of X. For more on this topic, see, for instance, [11,
Chapter 6]. The following result can be found in [11, Chapter 6].

Proposition 1.1. Let A,B be two finite alphabets, and let σ : A∗ → B∗ be an injective morphism. If
X ⊂ A+ is a code on A, then σ(X) is a code on B.

In the following definition, we mention a new factorization of interest.

Definition 1.2. Let w be an infinite word over A. The palindromic Ziv–Lempel or palindromic z-factorization
of w is the factorization

pz(w) = (z1, z2, z3, . . .)

where zi is the shortest palindromic prefix of zizi+1zi+2 · · · such that there is no occurrence of zi in w at
any position j < |z1z2 · · · zi−1|.

2 Main results

Before establishing the two palindromic factorizations of the Fibonacci word, we mention some definitions
and necessary results. Some of them are well known and can be found in [5, 14, 8]. In the following definition,
we follow the lines of [5].

Definition 2.1. Let f be the (infinite) Fibonacci word, i.e., the fixed point of the morphism φ : 0 7→
01, 1 7→ 0, starting with 0. For all n ≥ 0, define the finite word hn = φn(0) to be the nth iteration of φ

on 0. The first few words of the sequence (hn)n≥0 are 0, 01, 010, 01001. It is well known that the Fibonacci
word f is the limit of (hn)n≥0. Let (pn)n≥3 be the sequence of the palindromic prefixes of f , which are
also called central words. The first few terms of this sequence are ε, 0, 010, 010010, . . .. The singular words
(f̂n)n≥1 satisfy f̂1 = 0, f̂2 = 1 and, for all n ≥ 1, f̂2n+1 = 0p2n+10 and f̂2n+2 = 1p2n+21. The first few
singular words are 0, 1, 00, 101, 00100.

The following properties of the singular words can be found in [14].

Proposition 2.2. Let (Fn)n≥0 be the sequence of Fibonacci numbers with initial conditions F0 = 0 and
F1 = 1.

(1) For all n ≥ 1, f̂n is a palindrome.

(2) For all n ≥ 1, |f̂n| = Fn.

(3) For all n ≥ 4, f̂n = f̂n−2f̂n−3f̂n−2.

(4) For all n ≥ 1, f̂n is not a factor of f̂n+1.
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(5) For all n ≥ 1, f̂n is not a factor of
∏n−1

m=1 f̂m.

(6) Let n ≥ 1 and let f̂n+1 = wa where w ∈ {0, 1}∗ and a ∈ {0, 1}. If f̂ ′
n+1 = wa with a = 1 − a, then

f̂n+2 = f̂nf̂
′
n+1.

(7) Let n ≥ 3 and define αn to be 0 if n is odd, or 1 if n is even. Then f̂n = αn
∏n−2

m=1 f̂m.

The following result can be found in [5]. Note that the first factorization of the Fibonacci word f also
appears in [14].

Proposition 2.3. We have the following two factorizations of the Fibonacci word

f =
∏
n≥1

f̂n (1)

= 0 · 1 · 00 · 101 · 00100 · 10100101 · · ·

= 010
∏
n≥2

f̂n−1f̂nf̂n−1 (2)

= 010 · (0 · 1 · 0) · (1 · 00 · 1) · (00 · 101 · 00) · (101 · 00100 · 101) · · · .

Moreover, the Ziv–Lempel factorization of the Fibonacci word is given by the sequence of singular words,
i.e.,

z(f) = (f̂1, f̂2, f̂3, . . .).

As a matter of fact, the palindromic z-factorization of f is easily deduced from the previous result, as
shown in the sequel.

Definition 2.4. For all n ≥ 2, define

gn := 010
∏

2≤m≤n−1

f̂m−1f̂mf̂m−1.

From (2), observe that, for all n ≥ 2, we have

f = gn · (f̂n−1f̂nf̂n−1) ·
∏

m≥n+1

f̂m−1f̂mf̂m−1.

Interestingly, the prefix gn of f can be factorized as a particular product of singular words.

Proposition 2.5. (Proposition 7 of [8]) For all n ≥ 2, we have

gn = f̂1f̂2 · · · f̂n−1f̂nf̂n−1f̂n−2. (3)

Below we present the palindromic z-factorization of the Fibonacci word, which easily follows from already
known results.

Theorem 2.6. (Theorem 8 of [8]) The palindromic z-factorization of the Fibonacci word f is

pz(f) = (f̂1, f̂2, f̂3, . . .).
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