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Abstract

The purpose of this paper is to define the concepts of intersection, normality, direct product, homo-
morphism and anti-homomorphism of QIFSN(G) and discuss their properties of them.
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1 Introduction

The concept of fuzzy sets was proposed by Zadeh [23]. The theory of fuzzy sets has several applications
in real-life situations, and many scholars have researched fuzzy set theory. After the introduction of the
concept of fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets. The idea
of intuitionistic fuzzy sets suggested by Atanassov [2, 3] is one of the extensions of fuzzy sets with better
applicability. Applications of intuitionistic fuzzy sets appear in various fields, including medical diagnosis,
optimization problems, and multicriteria decision making. The concept of fuzzy group was introduced
by Rosenfled [21] and Anthony and Sherwood [1] gave the definition of fuzzy subgroup based on ¢-norm.
Solairaju and Nagarajan [22] introduced the notion of Q- fuzzy groups. The First author by using norms,
investigated some properties of fuzzy algebraic structures [4-20] specially in [4, 5, 6, 7, 8, 13] by using norms,
defined and investigated some properties of Q-fuzzy subgroups, anti Q-fuzzy subgroups and Q-intuitionistic
fuzzy subgroups(QIFSN(G)). In this paper we define the intersection and direct product of two members
of QIFSN(G) and we prove that they will be QIFSN(G). Next we introduce the concept of normality of
QIFSN(G) as NQIFSN(G) and investigate some properties of them. Finaly we consider the image and
pre image of QIFSN(G) and NQIFSN(G) under homomorphisms and anti-homomorphisms of groups.
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2 Preliminaries

This section contains some basic definitions and preliminary results which will be needed in the sequal. For
more details we refer to [4, 5, 6, 7, 8, 13].

Definition 2.1. A group is a non-empty set G on which there is a binary operation (a,b) — ab such that
(1) if @ and b belong to G then ab is also in G (closure),

(2) a(bc) = (ab)c for all a,b,c € G (associativity),

(3) there is an element e € G such that ae = ea = a for all a € G (identity),
(4)

4) if a € G, then there is an element a~! € G such that aa™! = a~'a = e (inverse).

One can easily check that this implies the unicity of the identity and of the inverse. A group G is called

abelian if the binary operation is commutative, i.e., ab = ba for all a,b € G.

Remark 2.2. There are two standard notations for the binary group operation: either the additive notation,
that is (a,b) — a + b in which case the identity is denoted by 0, or the multiplicative notation, that is
(a,b) — ab for which the identity is denoted by e.

Proposition 2.3. Let G be a group. Let H be a non-empty subset of G. The following are equivalent:
(1) H is a subgroup of G.
(2) x,y € H implies zy~' € H for all z,y.

Definition 2.4. Let (G,.), (H,.) be any two groups. The function f : G — H is called a homomorphism
(anti-homomorphism) if f(zxy) = f(z)f(y)(f(zy) = f(y)f(x)), for all z,y € G.

Definition 2.5. Let GG be an arbitrary group with a multiplicative binary operation and identity e. A fuzzy
subset of G, we mean a function from G into [0, 1]. The set of all fuzzy subsets of G is called the [0, 1]-power
set of G and is denoted [0,1]¢.

Definition 2.6. For sets X,Y and Z, f = (f1, f2) : X = Y x Z is called a complex mapping if f; : X — Y
and fo : X — Z are mappings.

Definition 2.7. Let X be a nonempty set. A complex mapping A = (ua,v4) : X — [0,1] x [0,1] is
called an intuitionistic fuzzy set (in short, IF'S) in X such that pa,va € [0,1]% and for all z € X we have
(a(x)+va(x)) €0,1]. In particular O x and Uy denote the intuitionistic fuzzy empty set and intuitionistic
fuzzy whole set in X defined by 0x(z) = (0,1) and Ux(z) = (1,0), respectively. We will denote the set of
all IFSsin X as IFS(X).

Definition 2.8. Let X be a nonempty set and let A = (ua,v4) and B = (up,vp) be IFSs in X. Then
(1) Inclusion: A C B iff ug < pp and vy > vp.
(2) Equality:A = B iff A C B and B C A.

Definition 2.9. A ¢t-norm 7T is a function 7' : [0,1] x [0,1] — [0, 1] having the following four properties:
(T1) T(=, 1) = z (neutral element)

(T2) T'(x, T(x,z) if y < z (monotonicity)

(T3) T, ) T(y,x) (commutativity)

(T4) T(x,T(y,2)) = T(T(x,y), z) (associativity),

for all z,y, z € [0,1].
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Corollary 2.10. Let T be a t-norm. Then for all x € [0, 1]
(1) T(z,0) = 0.
(2) T(0,0) = 0.

Example 2.11. (1) Standard intersection ¢-norm
T (x,y) = min{z, y}.

(2) Bounded sum ¢-norm

Ty(z,y) = max{0,z +y — 1}.

(3) algebraic product ¢-norm

Ty(x,y) = zy.
(4) Drastic t-norm
y ife=1
Tp(z,y) = rz ify=1

0 otherwise.

(5) Nilpotent minimum ¢-norm

[ min{z,y} fz4+y>1
Tom(z,y) = { 0 otherwise.

(6) Hamacher product ¢-norm

0 ife=y=0
otherwise.

TH() (.Z',y) = { ry
T+y—zY

The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise largest ¢-norm:

TD(5Ua y) < T(xa y) < Tmin(x7y)
for all z,y € [0,1].

Definition 2.12. A t-conorm C' is a function C': [0,1] x [0, 1] — [0, 1] having the following four properties:
(Cl) C(z,0) ==z

(C2) Clz,y) < Clz,2) ify <
(C3) C(x,y) = C(y,v)

(C4) Cla, Cly, 2)) = C(Cla,y), 2) |
for all z,y, z € [0,1].

N

Corollary 2.13. Let C be a C-conorm. Then for all x € [0,1]
(1) C(x,1) = 1.
(2) C(0,0) = 0.

Example 2.14. (1) Standard union ¢-conorm

Cp(z,y) = max{z,y}.
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(2) Bounded sum ¢-conorm

Co(z,y) = min{l,z + y}.

(3) Algebraic sum ¢-conorm
Cplz,y) = +y —zy.
(4) Drastic t-conorm
y ifx=0
Cp(z,y) =4 = ify=0
1 otherwise,

dual to the drastic t-norm.

(5) Nilpotent maximum ¢-conorm , dual to the nilpotent minimum 7-norm:
| max{z,y} ifx+y<l1
Cnae (@, y) = { 1 otherwise.
(6) Einstein sum (compare the velocity-addition formula under special relativity)

Tty
1+ 2y

Ch, (-Ta y) =

is a dual to one of the Hamacher t-norms. Note that all t-conorms are bounded by the maximum and the

drastic t-conorm:
Cmax(x,y) S C(.ﬁU,y) S CD(x7y)

for any ¢-conorm C' and all z,y € [0, 1].
Recall that t-norm T'( t-conorm C) is idempotent if for all z € [0,1], T'(z,z) = z(C(z,z) = x).
Lemma 2.15. Let C be a t-conorm. Then

T(T(xv y)7 T(wa Z)) - T(T(x, w)? T(ya Z))>

C(C(z,y),C(w,2)) = C(C(x,w), C(y, 2)),

for all z,y,w,z € [0, 1].

Definition 2.16. Let (G,.) be a group and @ be a non empty set. A bifuzzy (intuitionistic) fuzzy set
A = (pa,va) € IFS(G x Q) is said to be a @Q-intuitionistic fuzzy subgroup of G with respect to norms
(t-norm 7" and t-conorm C) if the following conditions are satisfied:
(1)

Ay, q) = (palzy, q),va(zy, q)) 2 A(T(pa(z,q), 1a(y,9)), C(va(z,q),vay,q))),
(2)

Az, q) = (pale™ @) vale™, @) 2 A(z,q) = (pa(z, q), va(z, q))

which mean:

(&) pa(zy,q) > T(pa(z,q), pa(y, 9)),
(b) va(zy,q) < C(va(z,q),valy, q)),
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(c) pala™,q) = pa(z,q),

(d) va(z™",q) < valz,q),

for all x,y € G and ¢ € Q). Throughout this paper the set of all Q-intuitionistic fuzzy subgroups of G with
respect to norms (t-norm 7" and t-conorm C') will be denoted by QIFSN(G).

Proposition 2.17. Let A = (ua,va) € QIFSN(G) such that T and C be idempotent. Then
Alec,q) 2 Az, q)
forallx € G and q € Q.
Proposition 2.18. Let T and C be idempotent. Then
A= (pa,va) € QIFSN(G)

if and only if
Alzy™,q) 2 A(T(pa(x,q), pa(y. q), Cva(z, q), va(y. q)))

forall z,y € G and q € Q.

3 Intersection, direct product and group homomorphisms of QI F'SN(G)

Definition 3.1. Let A = (pa,va) € QIFSN(G) and B = (up,vg) € QIFSN(G). The intersection of A
and B is defined by

(AN B)(z,q) = ((pa,va) N (1B, vB))(x,q)
= (anB,vanB)(T,q)
= (T(pa(z,q), p5(7,9)), C(va(z,q), vB(7,q)))

for all z € G and ¢ € Q.

Proposition 3.2. Let A = (ua,va) € QIFSN(G) and B = (up,vp) € QIFSN(G). Then AN B €
QIFSN(G).

Proof. Let z,y € G,q € Q. Then

panB(zy,q) = T(pa(zy, q), ne(zy, q))

(
> T(T(pa(x, q), paly, ), T(up(x, q), uB(Y,q)))
=T(T(na(z,q), pB(z,9), T(1a(y: ), n8(y,q))) (Lemma 2.15)
:T(NAOB( ) HAmB( 7(1))

thus
pans(xy, q) > T(nans(z,q), pans(y,q)). (a)
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vans(zy,q) = C(va(zy, q),ve(zy,q))
< C(C(va(z,q),valy,q)), C(ve(z,q),vE(Y,q)))
= C(C(va(z,q),vB(7,q)),C(valy,q),vB(y,q))) (Lemma 2.15)
= C(vanB(x,q),vanB(Y,q))
then
vanB(zy,q) < C(vanB(,q),vanB(Y,q))- (b)
(c)
pans(@ ™t q) = T(pa(z™, @), ue(@™", @) > T(pa(z, q), ns(2,q)) = pans(z,q).
(d)
vans(@™!,q) = Clva(z™,q),v(z™",q) < C(va(z,q),v8(x,q)) = vans(z, q).
Then from (a) to (d) we obtain that AN B = (anB,vans) € QIFSN(G). O

Definition 3.3. Let A = (ua,v4) € QIFSN(G). We say that A is a normal if A(zyz~t,q) = A(y, q) for
all z,y € G and ¢ € Q. We denote by NQIFSN(G) the set of all normal Q-intuitionistic fuzzy subgroups

of G with respect to norms (¢-norm 7" and ¢-conorm C').

Proposition 3.4. Let A = (ua,va) € NQIFSN(G) and B = (up,vg) € NQIFSN(G).Then AN B €
NQIFSN(G).

Proof. Let z,y,€ G and g € Q. Then

pang(zyr™,q) = T(pa(zyz ™, q), pelzyz™,9) = T(ua(y, ), 15y, 0) = tans (Y. q)

and
vans(zyz ", q) = Clvalzyz™, q),vp(zyz",q)) = C(va(y. q), vy, q)) = vans(y. q).
Thus
(AN B)(zyz ', q) = (ans, vans)(zyz ™', q)
(/’LA (asyar: 7Q)7VAOB(:Ey$_1aQ))
= (panB(Y, 9); vanB(Y, q))
= (ANB)(y,q)
and then AN B € NQIFSN(G). 0

Corollary 3.5. Let I, = {1,2,....,n}. If {u; | i € I,} C NQIFSN(G), Then

w=Nier, Ui € NQIFSN(G)
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Definition 3.6. Let (G,.),(H,.) be any two groups such that A = (ua,v4a) € QIFSN(G) and B =
(uB,vB) € QIFSN(H). The product of A and B, is defined as

(A x B)((%,y),9) = (1a,va) x (uB,vB)(2,¥),q)
= (MAXBvVAXB)((way)7Q)
= (T(pa(z,q9), 1By, ), C(va(z,q),vB(y,q)))

forallx € G,y € H,q € Q.
Note that paxp,vaxp € [0, 1](GXH)XQ and throughout this paper, H denotes an arbitrary group with

identity element eg.

Proposition 3.7. Let A = (ua,va) € QIFSN(G) and B = (up,vg) € QIFSN(H). Then A x B €
QIFSN(G x H).

Proof. Let (x1,y1), (z2,y2) € G x H and ¢ € Q. Then

paxB((x1,y1)(22,92),9) = (paxB)((z122, Y1Y2), @)
= T(pa(z122,9), 15(Y1Y2,9))
(T(na(@1,0), pa(®2,9), T(nB (Y1 9), B(Y2, )
=T(T(pa(r1,9), nB(WY1,q)), T(na(z2, ), pB(Y2,9))) (Lemma 2.15)
( )

=T(pax((x1,41),9), paxs((z2,92),q))

hence

paxB((x1,y1)(®2,92),9) > T(axB((x1,y1),9), paxB((T2,y2),q))- (a)

vasxs((z1,91)(22,92), @) = Waxp) (#1722, y192), )

= C(va(z172,9),vB(11Y2,9))

C(C(va(@1,9), valx2,q)), C(va(y1,q),vB(y2,9)))
C(C(va(z1,9),vB(y1,9)), C(valze,q),vB(y2,q))) (Lemma 2.15)
O ), vaxB((z2,Y2),q))

I IA

VAXB((xlv y1)7 q

then
vax((z1,y1)(x2,92),q) < C(vaxp((z1,41),9), vaxB((T2,92), q)). (b)

paxs((@,y) " q) = paxs((@r v '), )
T(pazr ' a) ps(yr ' 0)
T(pa(x1, q), pB(Y1:q))
—,quB((fb‘l,yl) q)-
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SO

paxe((1,y1) 7" q) > paxe((z1, 1), ). (c)

vaxs((x1,y1) " q) = vaxs((z1 v ). 9)

Cva(z1,9),vB(Y1,9))

(
( A(x g ) VB yl 7q)>
(
«B((71,41),9)

then

vaxs((x, 1)1 q) < vaxs((v1,11), ). (d)

Hence (a) to (d) give us that A x B = (uaxp,VaxB) € QIFSN(G x H). O

Proposition 3.8. Let A = (ua,v4) € IFS(G x Q) and B = (up,vg) € IFS(H x Q). If T and C be
idempotent and A x B € QIFSN(G x H), then at least one of the following two statements must hold.

(1) B(em,q) 2 A(x,q), for allz € G and q € Q,

(2) Alec,q) 2 B(y,q), for ally € H and q € Q.

Proof. Let none of the statements (1) and (2) holds, then we can find g € G and h € H such that A(g,q) D
Bl(em,q) and B(h,q) D A(eqg,q). Then we obtain that pa(g,q) > pp(em,q) and va(g,q) < vp(em,q) and
pup(h,q) > paleg, q) and vp(h, q) < va(ec,q). Now

(A x B)((g9,h),q) = (paxB,vaxB)((g; 1), q)

T(pnalg,q), pB(h, ), C(va(g, @), ve(h,q)))

T(ps(en,q), palea: q), C(velen,q),valeg,q)))

T(MA(6G7 )MB(6H7 ))’C(VA(eG’ )vVB(eHa )))
q))

D

Y

praxs((ea,en),q),vaxs((eq,en),

(
= (
(
= (
= (
= (Ax B)((eg,en),q)

then
(A x B)((g,h),q) > (A x B)((ec, en),q)

and it is contradiction with A x B € QIFSN(G x H) as Propositions 2.17 and 3.7. This complets the
proof. O

Proposition 3.9. Let A = (pa,va) € IFS(G x Q) and B = (up,vg) € IFS(H x Q). Let T and C be
idempotent and A x B € QIFSN(G x H). Then we have the following statements.

(1) If A(x,q) C B(en,q), then A€ QIFSN(G) for allxz € G and q € Q.

(2) If B(z,q) C Aleq,q), then B € QIFSN(H) for all z € H and q € Q.

(3) Either A € QIFSN(G) or B€ QIFSN(H).
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Proof. (1) Let
A(l‘,q) = (MA(Q?,(]),VA(.%,(])) - B(eH’q) = (:U’B(GH7Q)7VB(€H7Q)) (*)
forall x € G,q € Q.

From (%) we have that pa(z,q) < up(em,q) so we can obtain that pua(zy~',q) < up(em,q) and pua(y, q) <
pup(em,q) for all z,y € G,q € Q so then

1

T(ualry™t, q), us(ew,q))

pa(zy™ ", q)

717 q)aﬂB(eHeHv q))

I
= 44
b ~
x =
o
8
<

Il
=
h
X
8y

zy Y eren),q)

$76H)(y_1aeH)7q)

v

z.en),q), paxe((y ' en),q))

Y

z,en),q), paxs((y, em), q))
suplen,q), T(paly, q), pelen,q)))
A,9)), T(paly, 0), na(y,q)))

v

|
e B B B B

and then

Yq) > T(pa(z,q), pa(y.q).  (a)

Also from (%) we get that v4(z,q) > va(en, q) so we can obtain that v4(zy~!,q) > v(en,q) and va(y, q) >
vp(em,q) for all z,y € G,q € Q so then

pa(zy™

-1

va(zy ™, q) = C(va(zy ™, q), ve(en,q))

(z,em). q), vaxs((y~ ' en). q))
(

)
z,er),q),vAxB((y,em),q))

C(
C(
= C(C(va(z,q),ve(en.q),C(va(y. q), ve(en.q)))
C(C(valz,q),va(z,q)), C(valy,q),va(y,q)))
C(va(z,q),va(y, q))
and thus
va(ry™ q) < Cva(z,q),valy,q).  (b)

Now (a) and (b) give us that

Alzy™,q) = (palzy™", @)y valzy ™, q)) 2 (T(pa(x, q), na(y, q)), C(valz, q),va(y,q)))

and by using Proposition 2.18 we obtain that A = (ua,v4) € QIFSN(QG).
(2) Let
B(l’, Q) = (MB("L‘a q)a VB(£7 Q)) - A(eGa Q) = (/’LA(eG> Q)v VA(BG, Q)) (*)
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for all z € H,q € Q. Then pug(z,q) < paleq,q) then pp(xy™?

all z,y € H,q € Q. Then

.q) < palea,q) and pp(y,q) < paleq,q) for

ps(xy™',q) = T(up(zy™",q), palea, q))
(

=
@

(
(zy~',q), palecea, q))
(

(nalecea, ) us(zy~',q))
B((eGeGaJ:y l)aQ)
«B((eq,z)(ec,y™ ), q)

MAXB((eGu ZE), Q)7 HAxB

G,y 1) q))

«5((ec; ), ), paxn((ec: ), q))
T(MA(e 0), 15(7,q)), T(palec, q), ne(y. q)))
T(pp(@,q), kB2, 9), T (1Y, @), nB(Y: 9)))
1e(z,q), kB(Y, )

—_—~ o~

(
(

AVAR| IV
J338485% 24

and thus
pp(xy~ ' q) > T(pp(z,q),u8(y,q))- ()

Also from () we will have that vg(z,q) > valeg,q) then vg(zy~*

for all x,y € H,q € Q. Then

7(]) > VA(er(J) and VB(yvq) > VA(€G7Q)

;valea,q))

), va(
xy~ ", q),valeceq, q))
q),ve(zy ™', q))
( ),9)
B((ec,z)(ec,y™"),q)
ea,7),q),vaxp((ea,y '), q))
ec: %), q),vaxs((ec:¥), q))
e, ) vB(7,q)),C(valea, ), ve(y,q)))
,4),vB(,9)), C(vB(Y,q), vB(Y,9)))

v(,q),vB(Y,q))

X

b

X

Sy}
/—\A/-\/-\

~—~

e N

and so
VB(xy_laQ) < C(VB(JU,Q),VB(?J,Q))' (d)
Now as (c) and (d) we give that
By~ q) = (u(zy ™" @) veley ™ 0) 2 (T(us(@,9), n8(y,0)), C(ve(2,9), v (y, 9)))

and Proposition 2.18 gives us B = (up,vp) € QIFSN(H).
(3) Straight forward. O
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Definition 3.10. Let Let (G,.),(H,.) be any two groups and ¢ : G — H be a morphism such that
A= (pa,va) € IFS(G x Q) and B = (up,vp) € IFS(H x Q).
Forall z € G,y € H,q € () we define

e(A)(y,9) = (p(pa)(y, 2), o(va)(y: a))
_ { (sup{pa(@,q) | (2,9) € G x Q, p(x) = y},inf{va(z) | (z,q) € G x Q,p(z) =y}) if o~ (y)

Also ¢™H(B)(x,q) = (9™ (uB)(,q), ¢~ (vB)(7, ) = (n5(L(2,9)), vB(P(7,9)))-

Proposition 3.11. Let ¢ be an epimorphism from group G into group H. If A = (ua,va) € QIFSN(G)
then p(A) € QIFSN(H).

Proof. Let hi,he € H and q € (). Then

@(pa)(hihz, q) = sup{palgige; @) | 91,92 € G,0(g1) = h1,0(g2) = ha}

> sup{T(pa(g1,9), 1a(92,9) | 91,92 € G, p(g1) = h1,¢(g2) = ha}
=T ((sup{pa(g1,9) | g1 € G,0(g1) = ha}), (sup{pa(ge, ) | 92 € G, (g2) = ha}))

=T(p(pa)(h1,q), (1) (h2,q))
and then
e(pa)(hihe, q) = T(o(pa)(h, q), (pa)(he, q). (a)
Also
¢(va)(hihe, q) = inf{va(g192,q) | 91,92 € G, 0(g1) = h1,¢(g2) = ha}

< inf{C(va(g1,9),va(92,9)) | 91,92 € G, 0(g1) = h1,0(g2) = ha}
= C((inf{va(g1,9) | g1 € G,0(g1) = ha}), (inf{va(g2,9) | g2 € G, p(g2) = ha}))
= C(p(va)(hi,q), p(va)(hz,q))

and so
p(va)(hihz,q) < C(p(va)(hi,q), p(va)(he, q)). (b)
Later
p(ua)(h q) = sup{ualgr ' a) | g1 € Goplor ') = hi'}
> sup{p(91,q) | 91 € G,(g1,9) = h1}
= o(pa)(hi,q)
and
e(pa)(hi',q) > o(a)(h1,q). (c)
Finally

o(va)(hi',q) =inf{valgr . q) | g1 € G,o(97") = hi'}
< inf{u(g1,9) | g1 € G,(g1,q) = h1}
= p(wa)(h1,q)
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and
pwa)(hit q) < @(va)(hi,q). (d)

Therefore fram (a) to (d) we obtain that p(A) € QIFSN(H). O

Proposition 3.12. Let ¢ be a homorphism from group G into group H. If B = (up,vp) € QIFSN(H),
then ¢~ 1(B) € QIFSN(G).

Proof. Let g1,92 € G and g € Q. Then

o (1B)(9192,0) = pB(P(9192), )

> T(us(p(91),q); uB(2(92),9))
=T(¢ " (1B)(91,9), ¢ "(1B)(92, )
then
o H(uB)(9192,9) > T(¢ " (uB) (91, 9), ¢ (1B)(92,9)). (a)
Also
¢ (vB)(9192,9) = vB(©(9192),9)
= vp(p(91)¢(92),q)
< C(vp(e(91),9),vB(»(92),q))
= Cle~ ' (vB)(91,9), ¢ (vB) (92, 9))
0 ' (vB)(9192,0) < C(¢ ' (vB)(91,q), ¢~ "(vB)(g2.9)). (b)
Moreover
o us) (g7 ) = ple(gr "), @) = uB(v ™' (91),0) = ps(e(g1),0) = ¢ (1s)(91. )
and
e M (B)(gr' ) = ¢ (1B) (g1, ). ()
Finally
o (we)(gr " ) =valelgr '), a) = ve(e  (g1),q) <va(e(gr),q) = ¢ (vB)(g1,9)
and
e (vB)(grha) <o () (91,9). (d)
Thus from (a) to (d) we give that ¢ ~1(B) € QIFSN(G). O

Proposition 3.13. Let ¢ be an anti-homorphism from group G into group H. If B = (up,vp) € QIFSN(H),
then ¢~Y(B) € QIFSN(G).
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Proof. Let g1,92 € G and g € Q. Then

then

o (1B)(9192,0) = T(¢ ™ (1B)(91,9), ¢~ (1B)(92,9))- ()

Also

¢ ' (vB)(9192,9) = v

SO

¢~ (vB)(9192,9) < Cl¢™ ' (vB)(91,0), 9~ (vB)(92,9)- (b)

Moreover

e M us) (g @) = pale(er ). a) = ne(e ™ (91), @) > us(e(91).q) = ¢ (uB)(91,q)
and
o (uB)(gr ', 9) = o (1) (g1, 9)- ()

Finally
o (wB)(gr ) = veleler ) q) = ve(e ™ (91),9) < vB(e(g1),q) = ¢ (vB)(g1,q)

and
v (vB)(9r ' a) < 07 (vB)(91,9)- (d)
Thus from (a) to (d) we give that =1 (B) € QIFSN(G). O

Proposition 3.14. Let A = (ua,v4) € NQIFSN(G) and H be a group. Suppose that ¢ : G — H be an
epimorphism. Then p(A) € NQIFSN(H).

Proof. By Proposition 3.11 we have p(A) € QIFSN(H). Let z,y € H and ¢ € Q. Since ¢ is a surjection,
¢(u) = z for some u € G. Then
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o(pa)(zyz~", q) = sup{pa(w,q) | w € G, p(w) = zyz~"}

= sup{pa(uwu, q) | w € G, p(u" wu) = y}
p(w)p(u) =y}
= sup{pa(u” wu q) |weqG, o 1(U p(w)p(u) =y}

(w,
(

= sup{pa (v twu, q) |w € G, o(u™?)
( )
(

= sup{pa(w,q) |w € G, p(w) =y}

= o(ra)(y, q).
Thus
o(pa)(@yz~", q) = o(pa)(y,q). (a)
Also
p(va)(zyz ™", q) = inf{ra(w,q) | w € G, p(w) = zya~"'}
= inf{VA(u wu, q) | w € G,@(U_lwu) =y}
= inf{va(u™"wu, q) | w € G,p(u™")p(w)p(u) = y}
= inf{va(u " wu,q) | w e G o™ (w)p(w)p(u) = y}
=inf{va(w,q) | w € G, p(w) = y}
= QP(VA)(Z/’ )
Thus

p(va)(zya™,q) = pva)(y,a). (b)
Therefore from (a) and (b) we get that

-1

o(A)(zyz", q) = (p(pa)(zyz~", q), o(va)(zyz", q))

= (p(ra) (W, ), v(va)(y, ) = ¢(A)(y,q)
and then ¢(A) € NQIFSN(H). O

Proposition 3.15. Let B = (up,vp) € NQIFSN(H) and ¢ : G — H is a group homomorphism.Then
0 Y(B) € NQIFSN(G).

Proof. As Proposition 3.12 we obtain that ¢~1(B) € QBFSN(G). Now for any z,y € G and q € Q we

obtain
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Then
o N up)(@yz™', q) = ¢ (uB) (. q)- (a)
Also
o N vp)(zyz™', q) = vp(p(zyz™),q)
= vB(p(@)p(y)e(z™),q)
= vp(p(@)e(y)e " (2),q)
=vp(»(Y),q)
= (vB)(Y,9)
Then

o~ (vp)(wya™

Therefore (a) and (b) give us that

e (B)(xyz~",q) = (¢ (us)(@yz" q), ¢ (v)(xyz~", q))
= (¢ (eB) (W, 0), ¢ " (vB)(y,q))
= ' (B)(y,q)
and then ¢~ 1(B) € NQIFSN(G). O]

4 Open problem

In this paper, we defined the concepts of intersection, normality, direct product, homomorphism and anti

homomorphism of QIFSN(G) and investigated their properties of them. Now one can study and obtain

QIFSN (M) of R-modules M as we did QI F'SN(G) for groups and this can be an open problem.
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