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ABSTRACT

During past decades, various techniques were used to achieve the exact solution of the differential
equation. But most of them have not been applied directly to manipulate the system of equations. In the
current paper, a well-known and influential method is expanded to obtain some kind of solution of a two-
dimensional system, without reducing of equations. As an example, the proposed method has been applied
to achieve the exact solutions of a coupled dimensional Burgers equations. The graphs of the obtained
results have been illustrated.
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1 INTRODUCTION

Finding analytical solutions of evolution equations has a vital role in various sciences because many
physical phenomena can be explained by analysing them and that is why many researchers are interested
in working on this topic in recent years. In the last decades, various methods have been introduced and used
for this purpose [1-3].

In almost all of these methods, to solve a system of equations, first, it will be converted into an
equation and then the desired method will be applied. The motivation of the present paper is to develop a
widely used method called the modified exp function method to directly solve a system of differential
equations.

The modified Exp-function method has been developed to attain different sort of solutions of
nonlinear equations. This method was first proposed by He and Wu in 2006, and modifications have been
used to solve many nonlinear equations so far.

In the present research, the above-mentioned method have been generalized to solve the system of
differential equations. Especially the system two-dimensional Burgers equations (STDBE) as the following
form, have been solved by them.

{ut —2uu, —u,, —u, —2vu, =0,

Vv, —2wW, —V,, =V, —2w, =0.

(1)

2 COUPLED MODIFIED EXP FUNCTION METHOD

To explain the method, the following nonlinear system of PDE should be noted:
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F(u,v,u,u,v,,V,...)=0,
{ ( ) @

G (U, V.U, UV, V,,...) =0.

tr Vxo
By using the nonlinear complex transformation
E=0x—pt, 3)
Where © and O are nonzero parameters, Eq. (2) turns to a system of ODE

{f (u,v,u’,v',..)=0,

4
g(u,v,u'v,..)=0. )

In the Coupled modified exp function method (CMEF) the solution of system (4) have been imaged

as:
M ) N )
u(&)= 2 aEexple©))', v(§) = 2. b(exp(p(é)))', 5)
i=—M i=—N
where ¢(&)satisfies the nonlinear ODE in the form as fallows
¢’ =exp(-¢) +aexp(p) + S (6)

a, bi &, and g are parameters to be handled further. The solution of Eq. (6) are as follows

1I1fa#0, f°—4a>0, (o(ﬁ):ln{——‘ﬁ;_Mltanh{ “ﬂ2—4a (§+C)]— p J,
o

2 2a

2a

2.1f @ %0, f*—da <0, go(g):m[*/“oz“ﬂz tan(\/A'az_ﬂz (§+c)J— p J
(04

B(&+c)

_ [ — B
4, |f0(—0,,6¢01 ¢(§)_ In(exp(ﬂ(§+0))—1j’
5.1fa=0, f=0, p(&)=In(&+c),

To obtain the numbers M and N , we strike a balance between the sentences with the topmost
derivative and the topmost nonlinear order in EQ. (4). Placing Eq. (6) into Eq. (4) and considering Eq. (7)
precede an algebraic system including powers of exp(¢(&)) . By setting the coefficient of these power to

(7)
3f a#0, 7 —4a =0, ¢(§):|n[_zﬂ(§+c)+4 j

zero, &, b, 7,0, &, and B areacquire. Finally substituting over determine value in eq. (6), and the general
solutions of (7), the exact solutions of the Eq. (2) will be achieved.

3  APPLICATION MODIFIED EXP-FUNCTION METHOD

At first, we introduce a complex variable ¢, defined as
E=0X—pt+ Ay,
So, Eq. (1) turns to the following system of ordinary different equation,
{pU'+25UU’+(52 +AU"+24AVU' =0,

8
V20UV + (8% + APV +2AVV' =0. ©)
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The solution of (13) will be image as Eq.(5), Where (&) satisfy in Eq. (6). Homogeneous balance
between linear and nonlinear terms in each equation of (8) leadsto M =1, and N =1. So the solution

(5), will be written as follows

u(§) =a e?&) 4 a,+a, e ?©) , (9)
V(&) =b e’ +b,+b e,

Putting (9) in (8), and putting the coefficient of e“> equal to zero, yields a system of algebraic

equations, Which solving by maple leads to

2 2 2 2
Casel: a0 b, =0 =082 1 f5°-208,+

—p .
2 2 2 b =0, (10)

By placing above solution into (10), the following exact solution will be derived

u(E)=a,+a,e ",
e = 1,852 268, + pA’—p 0" =08, + 7" )
2 2

(11)

If @0, f>—4a >0,

U@ =a, +[ 208, , (12)

—\/ﬂ2—4atanh[“’ﬁ —4a (§+c)] ]
2a(5%—5a, +1?)

Wtemh[F(§+c>J ]

V(&) =%(ﬁ52 —25a,+ BA? —p)+[

If @ #0, f?—4a <0,
2aa
u(&)=a, + —— , (13)
Jha - p? tan[‘mzﬂ(e:+c) ]—ﬂ

20(5° —da, + 1)

Wtan(“d'a (§+C)] B

V(&) = i(wz 258, + A% - p)+

If @ #0, f*—4a =0,
a, B(&+c)

U(é):ao—zﬂ(§+c)+4, (14)
v(E) = 1ﬁ52 258, + PA° —p  P(E+C)(6° —da, +A7)
y) A2B(E+C)+4)
If «=0, B0,
_ pa,
O e )1 o

)+ (52 —5a,+1%)
exp(B(£+c)) -1

VE) = (P07 ~ 258, + 27 -
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If «=0, B=0,

a,

u(§)=ao+(§+c). (16)
_1-25a,-p &°-da,+A°
e A(E+c)

In Fig. 1-4 the plots of solutions (11) - (16), for some values of parameters, have been illustrated.
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Fig.1: plotsof solution (17) foru(x,1,t),a =1, Fig.2: plots of solution (18) for u(x,1,t),
p=4,a,=0=c=y=1, A=3and p=2. a=1p=1a,=5=c=y=1, A=3and p=2.

Fig.4: plotsof solution (20) for u(x,1t), f#=2,a,=0=c=y=1, 1=3and p=2.
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Case 2:

2 2 2
w04=_0% o _g b0, pO1B5E + B0 + 2,7 ~2apb
bl 1 1 blz
By placing above solution into (9), the following exact solution will be derived

If =0,

u(é) =%<exp(ﬂ(5x—

5(ﬁ5a12+ﬂ5blz+230b12—281b0b1t_5_31y+c))_1)+a0 (17)
3 b |
R e R AC

If 5=0,

u(g) = a1£5x——5(2a°b1;; 2alb0b1t—%‘iy+c J+a0, (18)

v(§)=bl[5x—§(2a‘mlzbl—;2aimt—%y+cJ+bo.

In Fig. 5 the plot of solution (17) for some values of parameters, has been illustrated.

' ' 0 1 2 3 4
x

Fig.5: plotsof solution (22) for u(x,1t), #=1a,=a,=h,=1, 6=1and b,=3.
case 3:
ad’ +aA’ + b
5 .

By placing above solution into (14), the following exact solution will be derived

p=-PB6"-pA*-25a,-2Ab,, a,=0,b,=0,a =~
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If 0, B —4a >0,

 ad?+ait+ b B -4a JB-4a B
u(é)=- 5 [— 2 tanh[ > (§+c)]—£]+ao, 19)
v(g):b{——"/if‘tanh[—"ﬂzzf"’“(§+c)]—£]+bo.
If @20, f?—4a <0,
u(§)=—a52+a;2+/lbl(\/4z;ﬂ2 tan{\/d'az_ﬂ2 (§+c)]—£]+ao, (20)
v(§):bl(\/402[;’32 tan{\/mz_ﬂ2 (§+c)]—£]+bo.
If a#0, ,32—405:0,
_as’+ad’+ b 2B(E+c)+4
u(é) = 5 ( BE+0) JJF (21)
_n| _2B(E+c)+4
V(f)—bl[ WaTE j"’bo-
If ¢=0, f#0,
u(§)=—’1b1(EXp(ﬂ5(ﬂ‘f+c))_l)+a0, 22)
V(«f) — bl(exp(ﬁ(§+c))—1) +b..
ﬂ 0
where &= 0X+ (86" + A +25a,+ 2 )t + 1y, .
If =0, p=0,
U(§)=—%(§+C)+ao, (23)

V(&) =b (&+C)+h,.
where &=0X+(208, +2Ab,)t+AY . In Fig. 6-7 the plots of solutions (20) and (21), for some

values of parameters, have been illustrated.
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Fig.7 : plotsof solution (26) for u(x,1,t), §=2,a=1a,=b,=h,=1, 6=1and A=3.

case 4 :

ad® +aA®+ b, ad® +al?+ b b,
1a1:_ 1b_1:__
ad o o

By placing above solution into (9), we derive

p=0p=-25a,-2b,, a, =

If <0,
)= (a8 +aA? + Ab)N-a as® +al* + b
ad

oy=a tanh (V=a(¢+c) ) (24)

u(¢ tanh(\/;(¢f+c))+a0—

V(&) =-@tanh(@(5+c) )+b0+

a

by
\/Qtanh(\/—_a(gﬂ))'

where & = 5x+(26a, +2Ab,)t + Ay -
If a>0,

ad”+al’+ il \/;tan(«/;(fﬂ) )+ao+

5 o

ad® +ai’ + b,

uie)=- 5\/;'[&”(\/5(§+C)), (25)

V(§)=b1gtan(‘/;(§+(:) )+bo—\/;tan(\7lg(§+c) )
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where &=0X+(208,+2Ab,)t+ Ay . In Fig. 8-9 the plots of solutions (24) and (25), for some
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values of parameters, have been illustrated.

Fig.9: plotsof solution (29) fora =1, f=0,8,=b, =h, = 0=4=c=1.

4  CONCLUSION

In this paper, new modifications of Exp function method has been expanded to attain the generalized
solutions of a system of PDE. Implementing the methods for solving systems of PDE directly is an
innovative attempt. So, all of the system where cannot reduce to an equation is solvable by these methods
comfortably. The system of two-dimensional Burgers equations (STDBE) have been resolved by above-
mentioned method and several kinds of solutions of the above equation have been achieved. The results
indicate that the technique is useful means to get the exact solutions of the system of PDE.
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