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Abstract

Let f be a map from V(G) to {0,1,...,k — 1} where k is an integer, 1 < k < |V(G)|. For each edge
uv assign the label f(u)f(v)(mod k). f is called a k-product cordial labeling if |v; (i) — v(j)] < 1, and
lef(i) —er(4)] <1,4,5 € {0,1,....;k — 1}, where vy(x) and e;(x) denote the number of vertices and edges
respectively labeled with « (x = 0,1,...,k — 1). A graph that admits k-product cordial labeling is called
k-product cordial graph. We have already proved that several families of graphs admit k-product cordial
labeling. In this paper, we show that the splitting graph of star graphs admit k-product cordial labeling.
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1 Introduction

All graphs considered here are simple, finite, connected and undirected. We follow the basic notations and

terminology of graph theory as in [3]. The concept of labeling of graph has gained a lot of popularity in
the field of graph theory. In 1967, Rosa [14] published a pioneering paper on graph labeling problems.
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Since then, many graph labeling techniques have been introduced and studied by several authors (refer [2]).
Cordial labeling is one of the popular labelings defined by Cahit [1] in 1987: Let f be a function from the
vertices of G to {0,1} and for each edge zy assign the label |f(z) — f(y)|. f is called a cordial labeling
of G if the number of vertices labeled 0 and the number of vertices labeled 1 differ by at most 1, and the
number of edges labeled 0 and the number of edges labeled 1 differ at most by 1. Followed by this, in 2004
Sundaram et al. [15] introduced a variation of cordial labeling called product cordial labeling: Let f be a
function from V(G) to {0,1}. For each edge uv, assign the label f(u)f(v). Then f is called product cordial
labeling if [v¢(0) —vg(1)| < 1 and |ef(0) —ef(1)] < 1 where vg(i) and ef(i) denotes the number of vertices
and edges respectively labeled with i(i = 0,1). Several papers have been published on this topic.

Later in 2012, Ponraj et al. [13] further extended the concept of product cordial labeling and defined
k-product cordial labeling as follows: Let f be a map from V(G) to {0,1,...,k — 1} where k is an integer,
1 <k <|V(G)|. For each edge uv assign the label f(u)f(v)(mod k). f is called a k-product cordial labeling
if lvp(i) —vp(y)] < 1, and |ef(i) —ef(5)] < 1, 4,5 € {0,1,...,k — 1}, where v¢(z) and e¢(z) denote the
number of vertices and edges respectively labeled with = (z = 0,1, ...,k —1). A graph that admits k-product
cordial labeling is called k-product cordial graph. We have already proved that several families of graphs
admit k-product cordial labeling. The concept of k-product cordial labeling and the work of the authors in
[13], motivated us to do further research on this topic. Consequently in our research, we established that
the following families of graphs admit k-product cordial labeling: union of graphs [4]; cone and double cone
graphs [5]; Napier bridge graphs [6]; product of graphs [7]; powers of paths [8]; fan and double fan graphs
[9]; the maximum number of edges in a 4-product cordial graph of order p is 4(2%1} {pZ—lj + 3 [10] and path
graphs [11]. Jeyanthi et al. [12] already proved that the splitting graph S’(Ki,) is a 3-product cordial
graph. In this paper, we show that splitting graph of star graphs admit k-product cordial labeling for & > 4.

We use the following terminology to prove our main results. The splitting graph S’'(G) of a graph G is
a graph obtained by adding a new vertex v’ to each vertex v of G such that v’ is adjacent to every vertex
that is adjacent to v in G. A bipartite graph is a graph whose vertex set V(G) can be partitioned into two
subsets V7 and V5 such that every edge of GG joins a vertex of Vi with a vertex of Vs. If every vertex of
is adjacent with every vertex of Va, then G is a complete bipartite graph. If |Vi| = m and |V2| = n, then
the complete bipartite graph is denoted by K, . The graph K, is called a star graph. An illustration of
S'(K1,4) is shown in Figure 1.

uyr  u2  uz U4

V1 4
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Figure 1: S'(K.4)
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2 Main Results

Theorem 2.1. The graph S'(K\ ) is k-product cordial for n > g where k is even and k > 4.

Proof. Let the vertex set and the edge set of S’(Ki,) be V(S (Ki,)) = {u,v,u;,v; ; 1 < i < n} and
E(S"(Kip) ={(u,u); 1 <i<n} U {(v,v); 1 <i<n}U {(u,v); 1 <i<n} respectively. We have
the following four cases.
Define f: V(S'(Ki1n)) — {0,1,2,...,k — 1} for k > 4 as follows:
Case (i): If n = 0(mod k), then
fw)=1, f(v) =k -1, f(u;) = i(mod k) and f(v;) =i(mod k) for 1 <i <n.
Case (ii): If n =k — 1(mod k), then
fw) =1, flun1) =0, f(un) =2, f(v) = k=1, flvn-1) = 0, f(vn) = 1, f(ui) = i(mod k) and
f(vi) = i(mod k) for 1 <1i < |7 ]k.
Fori=|Zlk+j;1<j<k-3,
fus) = j+1and f(v) = +2.
Case (iii): If n = 2(mod k); 1 <z < & — 1, then
fw)=1, f(v) =k -1, f(u;) = i(mod k) and f(v;) =i(mod k) for 1 <i <k (2] —1).
Fori=Fk(|%]—1)+j;1<j< 2,
Eoie
reo={ § &1k s
1+ if jis odd

f(uz):{ k — —% if j is even.
Fori=Fk(|2]-1)4+20+j;1<j<n—(k([Z]—-1)+22),
[0 ifj=k-2
f(““)_{ 1 ifj:k—l.
— I if j is odd
f(m):{ 1o i
+ 37 if j is even.

k—
1+
Fori=Fk([}]—1)+j;1<j<k-3, flv;)=j+1
J_3+]71<]<n_( LEJ_?))?
k—1 if j=1,4
1 if =25
0 if j=3,6
k if j=1.
— L5 if jis even

If j > 8, th i) = 2
Jj =8, then f(v;) { + 557 i jis odd.

Case (iv): If n =k — z(mod k); 2 <z < £, then
fu) =1, f(v) =k =1, f(u;) = i(mod k) and f(v;) = i(mod k) for 1 <i < k|Z].
For i = k|| +j; 1 <j <k — 2,

14+ 22 if j is odd
s ={ T, b

—1-13 if jis even.
Fori=k|2|+k—22+51<j<uz,

14 42 if § is odd
flu) = 2

k—1—35 if jis even.
Fori=Fk[7|+j;1<j<4,

SRS
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0 ifj=1
1 if j =2
FW)=93 k-1 =3
k if j =4.
Fori=k|2|+4+5;1<j<n—(k|%]+4),
f(v):{ §+% if j is odd
! ¥—1 if j is even.

From the above cases, we have
for n = z(mod k); x =% — 1 or k—1, vs(i) =
If n=2(mod k); 0 <z < ——2, then

(x+1)<i<k-1

U(i):{ 2222 41 if1<i<az+1, k—
! LQ"T“J ifi=0o0rz+2<i<k—(x+2).
Ifn=(%+2)(mod k); 0 <z <% —2andk >4, then
2RI+l f1<i<a+l k—(z+1])<i<k-—1
“f(”_{ | 22| ifi=0orz+2<i<k—(z+2).
If k=4 and n = 2(mod 4), then
. 212 +2 ifi=1,2
Uf(l):{ 2{5—1—1 otherwise.
Case 1: If n = 0(mod k), then ey (i) =
Case 2: Ifn_ — 1(mod k), then
|+2 iti=1k—-1,k—-2
{ | +3 otherwise.
Case 3: Ifn_x(modk),1§x§L%J;k>4,thenf0rx:1

A2 for 0 <i < k— 1.

3”for0<z<l<:—1

ey = BFI =D+ =120 -2

= 3([#] — 1)+ 3 otherwise.

for k=4 and z = 1, then

L 3([R) 1) 44 ifi=0,1,2

es(i) = { 3([#] —1)+3 otherwise.

for k=6 and = = 2,

er(i) =3(|%] —1)+40<i <5,

for k> 6 and x = 2,

ey { BUEI =D+ i=123 k- 1k-2k-3

= 3([%] —1) +3 otherwise.

for x = 3,

er(i) 3(12] —1)+4 ifi=0,1,2,3,4k—1,k—2,k—3,k—4

A 3([%] —1) +3 otherwise.

for4§x§L§j and x is odd,
3 =D +4 Hi=0Tk—12 k=2 o+ Lh=(r+1)

1) = R s S (-
3([%] —1)+3 otherwise.

for4§a:§L§j and z is even,
BRI =144 =0 Lk L2k =2 oLk (1)

ef(i) = S5 +Ls—L..5+(5-2.5-(5-2)
3([%] —1)+3 otherwise.

Subcase 1: If n = x(mod k) Wherek:_O(mod?)) L§J+1§ <% _2and zis odd,
312 -1 +5 ifi=f42k—(5+2),5+3k—(£+3),.,a+1,k—(z+1),

ef(i) = 2+(L*J—1)§ (L§] =15 = (15] -2, 5+ (15] - 1)

3([%] —1)+4 otherwise.
for L§j+1§w<f—1andxlseven
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3),.,x+1,k—(z+1),
es(9) = L4 - +E-25-G-2)
3([2] —1)+4 otherwise.
Subcase 2: If n = x(mod k) where k = 0(mod 3), x = & — 1 and = is odd,
3(12]—1)+5 ifi:%+2,k—(§+2),§+3,k—(§+3),...,x,k—x,x—|—1,0,
ep(i) = 0 s+ (e -5 (5 -1 s = (15 -2, 5+ (5] - D)
3

7] —1)+4 otherwise.
for x = % — 1 and =z is even,

312 —1)+5 ifi=E+2k—(E+2), 543 k—(£+
ef@{ k (s

sz -
Subcase 3: If n
e f (-
0 ={ ik
Subcase 4: If n mod k) where k = 1(mod 3), | 5] +
B[ -1 +5 ifi=[5]+2,k- (£§J+2)7L
e (i) = F+ (LD 5 - (L5Ls

3([2)—1)+5 ifi=5+2k— (g 2),k 43 k—(k+

3

=13

1)+4 0therw1se

x(mod k) where k = 1(mod 3), z = L%J +1,
D+5 ifi=ac+1,k—(x+1),
1)
a(

+4 otherwise.
= <z
§J+3,k—(t§ )it L= (24 1),
1D =gl -2,5+ 5] - 1)
3(|1#] —1)+4 otherwise.
for {§j+2§ < Z —2and x is even,

Bl —1)+5 ifi=[5]+2
ep(i) = { 5+ (13
3(|1#] —1)+4 otherwise.

Subcase 5: If n = x(mod k) where k = 1(mod 3), x — 1 and z is odd,
{ B(lpl -1 +5 ifi= |5 +2k— (5] +2),[5]+3k— (5] +3),...,2,k—z,2+1,0,
]

>3
| NES |

3

k= (15 +2), (5] +3,k— (5] +3), ..o+ Lk— (z+1),
51,5 - (L5810 5+ B =205 - (3 -2)

=3

2

|
3(|2] —1)+4 oth %"‘(L%L%JJ) %‘(L%L% J),,%—(L%J _2)’%+(L%J ~1)
for:c:E—lal;ldxis even, '

ef(i) =

(302 1) 45 iFim (54 2k~ (1542, (5] 43k — (5] +8),ommk— 2,21 1,0
SR U D) S (] k(22,5 (2 )
x + 4 otherwise.

Subcase 6: If

N e
0 ={ -
Subcase 7: If n

1
z(mod k) where k = 2(mod 3), z = | 5] +1,
D+5 ifi=k— (%] +2),

1) +4 otherwise.

x(mod k) where k = 2(mod 3),

~

L§J+2§x§§—2andxisodd,

(IR -1 +5 ifi=Fk-— (L’;J+2),L§J+3,k—(L§J+3),...,x+1,k—(m+1),
er(i) = (L =D 5+ (55D, 5= (3 -2 5+ (51—
3(L% +4 otherwise.

|w\?r|

=1
for {%j +2<x<%—2and x is even,
1)

3(1%] +5 ifi=k— (%] +2
ef(i){ 5 — (LzL51]

3(LF]—1)+4 otherWQise.
Subcase 8: If n = z(mod k) where k = 2(mod 3), v = £ — 1 and = is odd,
3(12]-1)+5 ifi=k— (|5 +2), £ +3,k— (5] +3),...2,k —z,2 + 1,0,
{ 5—(zl5ll -0, 5+ (L%L%JJ% 5= (5 -2 5+ (5] -1
3([%] —1)+4 otherwise.

for x = g — 1 and z is even,

ef(i) =

(2] -1 +5 ifi=k—([E]+2), 5] +3,k— (5] +3),...,a,k— 2,2+ 1,0,
ef(i){ = (L5 -0, 5+ (LsLE0Ds o 5+ (5 —2),5 - (5 - 2)
3([%] —1)+4 otherwise.

Subcase 9: If £ = 8 and n = 3(mod 8), then
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ef(i)Z{ gE
Case 4: If n

|—1)+5 ifi=0

| —1)+4 otherwise.

k — xz(mod k); 2<x<L | and z is odd, then

D+2 ifi=tbt41 k1 by (2-2),5-(2-2),

er(i) = Ok—1,1.k—22 (2
3([%]) +3 otherwise.

for 2 <z < |%] and z is even,

=
Ay || .
>3 I3
|
| E—
+
—
SN—
ol
|
—
—
rolE
| E—
rO
N~—

3(IR))+2 ifi=k k41 k- 1,...§+(x—2),§ (x —2),
er(i) = 0k —1,1,k—2,2, k—(2+1),Z +1
3(l%]) +3 otherwise.

Subcase 1: If n =k — 2(mod k) where k = 0(mod 3), [£] +1 <z < % and 2 is odd
ep(i) = k= (5] +2), (5] +2),- (3] + 1),k = (5] +2)
3([%]) +2 otherwise.

for {%j +1<x< g and x is even,
3(z)+1 ifi=b+ (51
eﬂw{ k(5] +
3([%]) +2 otherwise.
Subcase 2: If k — x(mod k) where k

n =1(m
ifi=2% k E_ (k| _
ef(i)—{ & J +1 it 2+(L3J 1), 2 (LgJ 1)

2 otherwise.
Subcase 3: If k =4, n = 2(mod 4), then
- 44

33

|| Il

+ 1 if1=1,3
2 otherwise.

?F\ﬁk‘\ﬁ

~— —

Subcase 4: If n = k — x(mod k) where k = 1(mod 3), L%J +2<zx< % and x is odd,

BED 1 = (515 (B -0 E 4 (L5 (] b2 @),
o) = b= (LTE1 +8), (31511 +3), o (131 + 0.~ (3] +2)

3(L%]) +2 otherwise.

for L§j+2<x< 5 and z is even,

3(Lg])+1 1f2—2+(L
ef(i) = I

Dl—co| o
| I—

3(L%))+2 otherw1se
If k — z(mod k) where k = 2(mod 3), z = [£] + 1
+1 ifi=%+ (1% -1),
+ 2 otherwise.
If n = k — x(mod k) where k = 2(mod 3), |5] +2 <2 < % and  is odd,
B +1 ifi=h 4 (5] -1, -2+ @ -2),
o)~ (11T + 20,k — (315 + 3
e (L5 + 1),k = (15] +2
(%)) + 2 otherwise.
for L%j +2<a<k 5 and z is even,

Subcase 5:

0-{ 3

Subcase 6:

n

D+
D+

k‘\;’w\ﬁ

3('. J)+1 1fZ_2+ |.3J 1)7%_(\_§J)7%+L§J7 'ag_(x 2)7g+($_2)7
esi) = (A1 + 20k = (31 + 3 (A1 +3) k= G+ 1. (5 +)
3([%]) +2 otherwise.

Therefore, we have |vs(i) —vs(j)] < 1 and |ef(i) —ef(j)] < 1 for all 0 < 4,5 < k— 1. Hence, the graph
S'(K1 ) is k-product cordial for n >k 5 where k is even and k > 4. O

Example 2.2. An example of 8-product cordial labeling of S’'(K7 1) shown in Figure 2.
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Figure 2: 8-Product cordial labeling of S"(Kj 1¢).

Theorem 2.3. The graph S'(K1,,) is k-product cordial for n > | %] where k is odd and k > 4.

Proof. Let the vertex set and the edge set of S’(Ki,) be V(S (Ki,)) = {u,v,u;,v; ; 1 < i < n} and
E(S"(Ki1,)) ={(u,u); 1 <i<n} U {(v,v); 1 <i<n}U {(u,v;); 1 <i<n} respectively. We have
the following four cases.
Define f: V(S'(Ki1n)) — {0,1,2,...,k — 1} for k > 4 as follows:
Case (i): If n = 0(mod k), then
flw)=1, flv) =k —1, f(u;)) =i(mod k) and f(v;) = i(mod k) for 1 <i <mn.
Case (ii): If n =k — 1(mod k), then
Fl) =1, Fn 1) =0, f(un) =0, f(0) =k — 1.
f(u;) = i(mod k) and f(v;) = i(mod k) for 1 <i < [7]k.
Fori=|Zlk+7;1<j<k—=3, f(u;))=j+1.
Fori= |2k +j1<j<k—1, f(u) =
Case (iii): If n = x(mod k); 1 < 2 < | %], then
flu)=1, f(v) =k —1, f(u;)) =i(mod k) and f(v;) = i(mod k) for 1 <i < k(%] —1).
Fori=Fk(|2]—1)+j;1<j <2,
e K
- 4 i

k—1—LI if jis odd
s ={ FL T
3 J s even.
Fori=Fk([}]—1)+2zs+j;1<j<n—(k([%]—-1)+2x),
[0 ifj=k-2
f(ul)_{ 1 ifj=k—1.
k—1—25 if jis odd
f(uz):{ 1+l 2 if]"

] J s even.
Fori=Fk([}]-1)+j;1<j<k-3, fv;) =1+
Fori=k|2| -3+ 1<j<n—(kl%]-3),

k—1 if j=1,4
flo)=4 1 if j=2,5
0 if j = 3,6.

. 5] +1 - 52 if jis odd
If > 7, th i) = P ] ?
j =7, then f(v;) { {%JJF% if j is even.

Case (iv): f n=k —x(mod k); 2 <z < ng, then
flw)=1, f(v) =k —1, f(u;) =i(mod k) and f(v;) = i(mod k) for 1 <i < k{%J
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Fori=k[2]+j;1<j<2, f(u;)=0.
Fori=k[}|+2+j;1<j<2(5]-a)

f(u)_{ 1+ if jis odd

k— —% if j is even.
Fori=Fk|2]+2+2(l5 —2)+5;1<j<n— (k2] +2+2(l%] - 2)),
fuy={ T, o

3 J is even.

Fori = k| +i1<i <2 0w ={ | 11T,

RITS S =T = S T k-1 if j=2.
Fori=Fk|}]+2+j;1<j<n—(k[}]+2),
f(w)z{ ﬁjii;lj %i‘j?SOdd

5 — 4 if jis even.
From the above cases, we have
fornzL%J(mod k),
vf(z.)_{ ME2 41 ifi=1

|22 | ifi=00r2<i<k-1.
Ifn=x(mod k); 0 <z < |5| —1, then
v(‘)—{ 222241 if1<i<az+1, k—(z+1)<i<k-1
/ |22 | ifi=0oraz+2<i<k—(z+2).
If n =k — 1(mod k), then vy(i) = 2242 for 0 <i < k — 1.
Ifn= (% +2)(mod k); 1 <z < [%] -1, then

‘ Int21 41 f0<i<z, k-x<i<k-1

vf()—{ g

|22 | ifr+1<i<k—(x+1).
Case 1: If n = O(mod k), then ep(i) = 32 for 0 < i <k — 1.
Case 2: If n = k — 1(mod k), then

{ | %] +2 if i=0,1,k—1
3[%] +3 otherwise.
Case 3: If n = z(mod k); 1§:U§L§j,then forx =1
3|2 —1)+4 ifi=12Fk—2
{ 3(L%] —1)+3 otherwise.

3(12]—1)+4 ifi=1,23k—1k—2k—3
2] —=1)+3 otherwise.

{ 3(|%) —1)+4 ifi=0,1,234k—1k—2k—3k—4
3(L%] —1)+3 otherwise.

%j nd z is odd,

{ (2] —1)+4 ifi=01,k—-1,2k-2 o+ k—(z+1),

(51151 - LI5T+ 1, [51+ (15) - 2,151 - (15] - 1)

3([%] —1)+3 otherwise.
for4 <z L% and x is even,
(Ll -1+4 ifi=0,1,k-1,2k—=2,...,x+1,k—(z+1),
es(i) = EL 15T = 1, T5] 4+ 1, o, [E] — (5 — 2), [5] + (2 - 2)
3([%] —1)+3 otherwise.
Subcase 1: If n = z(mod k) where k = O(mod 3), L%J +1<z<|%] —1and 2 is odd,
B3I -1 +5 ifi=f+2k— (542,543 k- (% +3),.,2+1,k—(z+1),
e(i): [~|+(£%J_ 7[§—‘_L%J[—‘+£%J7
! S8+ (5 -2, 151 - (15 - 1)

(gl —1)+4 otherwise



k-Product Cordial Labeling of Splitting Graph of Star Graphs

495

k

for [§]+1<2<| % — 1 and =z is even,
(IR —1)+5 ifi=%+2k— (542,543 k—(5+3),.,a+1Lk—(z+1)
{ ” Dt o 51+ (s =051 = [§L 15T+ 1§) - [51 - (5 =2 [51 + (5 - 2)
21 —=1)+4 otherwise.
Subcase Ifk = z(mod k) Wherek:EO(mod 3), x = {%J and x is odd,
312 -1 +5 ifi=5+2k— (542,543 k—(£+3),..,2,k—2,0,1
N H+(L§J— 1,151 = L), 51+ L]
e””{ STEV (131 - 20,141 = (13) - )
3([F]—1)+4 0therw1se
for z = | %] and = is even,
3(12]-1)+5 ifi=5+2k— (542,543 k- (£+3),...2,k—2,0,1
eﬂw{ I - L BN R RN EERE
2 - otherwise.
Subcase 3: Ifﬁlzx(mod k) where k = 1(mod 3) and k > 7, z = L%J—i—l,
L O3[R - +5 ifi= B2k (5] +2),
es(i) = { 3([#] —1)+4 otherwise.
Subcase 4: If n =3(mod k) and k =7,
2= +5 ifi=0,1
es(i) = { &%J — 1; + 4 otherwise.
Subcase 5: If n = x(mod k) Wherek_l(mod 3), L§J+2§x§ |£] — 1 and = is odd,
(3([2]-1)+5 ifi=[E]+2,k— (& +2),L§J+3,k—([ J+3),. ,x+1,k—(x+1),
er(i) = [%%L(L%L%JJ—DJ%W — (L5L51D: T8+ (LzL51D),
e 515 -2 T51 = (13- 1)

3([%] —1)+4 otherwise.
for {%j +2<2<[%]-1and z is even,
3(|2]—1)+5 ifi=|

%J+2k (L%j+2),L§J+3,k—(L§J+3),...,x+1,k—(:n+1),
[51+ (L3515 —1)71( 31+ (

= ST G-, B G-
3([%] —1)+4 otherwise.
Subcase 6: If n = z(mod k) where k = 1(mod 3), x = [%| and = is odd,
(BRI -D+5 Hi= 542k - (5] +2) [§]+3 k(1§ +3), 7k —2,0.1,
5] + (l%t%ﬂ —1),[5]

(LzL51D),
1

3([%] —1)+4 otherwise.
for z = |£| and x is even,

3R] =D +5 ifi=[5]+2k— (5] +2) [§]+3.k—(l5] +3),..x.k 2,01,

(i) 51+ (L350 =1, 151 = (L5, T31+ (L3 L51)),
! (51 = (5-2), [51+ (5 - 2)

3([%] —1)+4 otherwise.
Subcase 7: If n = xz(mod k) where k = 2(mod 3) and k > 5, x = L%J +1,

AL 3R =D +5 i i=T5]+ (5151 - 1),
es(i) = { 3(l%) —1)+4 otherwise.
Subcase 8: If n = 2(mod k) where k =5,
Zl—-1)+5 if i =1,

es(i) = { &%J - 1; +4 otherwise.
Subcase 9: If n = z(mod k) where k =2(mod 3), || +2 <z < |%] -1 and z is odd

3(1%] —1)+5 ifi:L%J—i—&iﬂ—k(%j+3)I€,L§j+14,kk—({§J+4),...,m+1,k—(:n+1),
es(i) = [51:( ﬂgﬂ—l)?(kﬂ = (L3131

o [+ (5 =2) 31 = (5] = 1)

3([%] —1)+4 otherwise.
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for {%j +2<zx< {%J — 1 and z is even,
3([2]-1)+5 ifi:LgJ+3,k’—({§j+3),L§J+4,k—(L§J+4),...,az+1,k—(x+1),
ef(i){ [51+ (L5150 =D, 151 = (L5151, [51 = (5 —2), 51+ (5 —2)

2] —1)+4 otherwise.

Subcase 10 Ifn—:n mod k) where k = 2(mod 3), © = L%J and z is odd,
n_1)45 1fz_H ,k—(L§j+3 L§J+4k ([5)+4), .2k —2,0,1,
151+ (L5151 - 1), (%W—(LQL 1,13 1+(L%HJ),
SI5T+H (5] -2, 051 - (151 - 1)
2 -1)+4 otherw1se
for x Lg —1 andxls even,
2l _1)+5 1f1—L%J+3,k:—(L§j+3),L§J+4,k—(L§J+4),...,x,k—az,0,1,
{ 7+ (L3S = 1, TET = (311D, T8 = 5 - 2, T51 + 5 -2
3([%] —1)+4 otherwise.

Case 4: Ifn—k—xmodk 2§x§LJandxlsodd then
3(L%)) +2 le—HHJrlLJ L. L%J (z—2), |5
0,k—1,1,k—2,2,. —(13) + 1), (3] +
3(L#]) +3 otherwise.
for 2 < L% and z is even,
3(]

{ )+2 ifi=

?T\S

k],
b

5] +1,
k_

I 1 I
X X
0k —1,1,k—2,2,..,2 k- (2 +1)

) +3 otherwise.

?T\B

(L%
Subcase 1: If n = k — x(mod k) where k = 0(mod 3), L%J +1<z< L%J and z is odd,
32N +1 ifi= (5= (1), B+ 5 5] =5 5] — (o —2), 5] + (o 1),
k — (l%J + 2)7 (L%J + 2)’ "‘7k - (L%J + 1)7 (l%J + 1)7
3(1 % +2 otherwise.
for % |+1<z J and x is even,
3(

%))
%J)+1 ifi=[5]-(5-1) L5l =5 15] = (2= 2), [5] + (= 1),
f()_ k_(L% +2)7(L%J )7'”7%7]5_(%"_1)
3([%]) +2 otherwise

Subcase 2: If n = k — z(mod k) where k = 1(mod 3), z = | £] +1
e(iy={ SLEh+1ifi= 151 = (5] = 1), [5] + (15))

! 3(1%2)) +2 otherwise.
Subcase 3: If n = k — x(mod k) where k = 1(mod 3),

] ,

B(Lph)+1 ifi= 5] —( L%J ) 5]+ 151 15) = 15), - 18] = (@ =2), [§] + (2 - 1),
ep(i) = k= (l5l5]] +2), (L2L§JJ +2), k= (5] + 1, (3] + 1)

3([%J)+2 otherwise.
for [£]+2 <2 < %] and z is even,

SED+1 5= (5] = (18] = 1, 141+ [£], 18] = (5], 5] = 0 =2, 18] + - 1)
(i) = £ (3050 + 2. (BL50 + 2ok~ G5 )

3([%]) +2 otherwise.

Subcase 4: If n = k — x(mod k) where k = 2(mod 3) and k > 5, z = L%J +1
oy = f EDFL ifi=k—(115]) +2),
f 3(L%]) +2 otherwise.
Subcase 5: If n = k — x(mod k) where k =5, x = 2,
N 3D +1 ifi=2,3
es(i) = { 3([%]) +2 otherwise.
Subcase 6: If n = k — x(mod k) where k = 2(mod 3), L%J +2<z< |5 and 7 is odd,
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3(L%]) +2 otherwise.
for [£]+2 <2 < %] and z is even,

B(Lph)+1 ifi=[5] -} s 5] = (@ = 2), [5] + (2 - 1),

3(l#]) +2 otherwise.
Therefore, we have |v¢(i) —vs(j)] < 1 and |ef(i) —ef(j)] < 1 for all 0 < 4,5 < k— 1. Hence, the graph

S'(K1,) is k-product cordial for n > | £ | where k is odd and k > 4. O

Example 2.4. An example of 15-product cordial labeling of S’(K7 11) is shown in Figure 3.

Figure 3: 15-Product cordial labeling of S"(K7 11).

Theorem 2.5. The graph S’ (K1 ,) is k-product cordial if and only if n > 1 and k > 4 except L%j <n<
L%J —14fk=1,0 (mod 3) for k=4,6 and k > 8 and [%1 <n< L%J —1if k=2 (mod 3) for k > 8.

Proof. From Theorems 2.1 and 2.3, the graph S’(K ,,) is k-product cordial if n > L%J and k > 4.
Fork>51<n<|%]-1ifk=1,0(mod3)and 1 <n < [5] —1if k=2 (mod 3).

For k is even and 1 < i < n, we assign f(u) =1, f(v) =k — 1, f(u1) =0, f(u2) = & and f(v;) = £ +4.
% +1 if ¢ is odd

k—3 if ¢ is even.

For k is odd and 1 < i < n, we assign

flu) =1, f(v) =k =1, fu) =0, and f(v;) = | 5] +1i.

p S =lalee
For 2 < i <, weassign flu) ={ 151y 0 o
2 .

From the above labeling pattern, we have

For 3 <i < n, we assign f(u;) = {

for n =1 and k is even,
. (i):{ 1 ifi=1,k—1,02%+1
I 0 otherwise
for n = 2 and k is even,
oy(i) = (1) ifizl.,k—1,0,§,§+1,§—|—2
otherwise.
for n > 3, n and k are even,

1 ifi=0%1k-1,2,k—2,.,% k-2,
vp(i) = L4225 4n

0 otherwise.
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for n > 3, n is odd and k is even,
1 ifi=0%1%- sz—zm¢—L%¢%+ﬁ,
vy (i) = Et1E42, k4
0 otherwise.
For n =1 and k is even,
L[ 1ifi=0k 41,51
es(i) = { 0 otherwise
for n = 2 and k is even,
k_ 1k kE_
(i) = 1 ifi=0kkbp1 b 1 kyok o
0 otherwise.
for n > 3, n and k are even,
1ﬁz_mg2k 2,., 2 k— 2,
er(i) = Er1,k-1 g
0 otherwise.
for n > 3, n is odd and k is even,
1 lfz—o,’g,m k= 15] 18] +1,
er(i) = L 1,%+2,%—2,...,§+n,%—n
0 otherwise.
For n =1 and k is odd,
oo . k
vy(i) = { 1 ifi=1,k-1,0,[5]+1

0 otherwise

)

for n > 2, n and k are odd,
1 1fz—0,1,k: L2, k=2, |5 +1,k—([5] +1),
vp(i) = [5)+1,15] +2, ,LgJ +n
0 otherwise.
for n > 2, n is even and k is odd,
1 ifi=01,k-1,2k-2,..,k—5,5+1,
ve(i) = L%J + 1, L%J +2, .. L%J +n
0 otherwise.
For n =1 and k is odd,
L 1 ifi=0,15] 15 +1
es(i) = { 0 otherwise
for n > 2, n and k are odd,
1 ifi=0,2,k-2,3,k—-3,..., 5] +1LEk—([5]+1),
0 otherwise.
for n > 2, n is even and k is odd,

1 ifi=0,2k—23k—3,... .k

er(i) = LIRSS TR
0 otherwise.
Therefore, we have |v¢(i) —vs(j)] < 1 and |ef(i) —ef(j)] < 1 for all 0 < 4,5 < k — 1. Hence, the graph

S'(K1,) is k-product cordial if n > bj, 1<n< L%J —1for k=1,0 (mod 3) and 1 < n < (%} — 1 for
k=2 (mod 3).

L
[5] = (n=1),[5] +n

Now, for k = 7 and n = 2, we assign f(u) =4, f(v) =1, f(u1) =0, f(uz) =5, f(v1) =2 and f(v2) = 3.
0 ifi=6

From this labeling, we have v (i) = { 1 otherwise

0 ifi=4
N << , o .
and ey (i) { 1 otherwise for 0 < ¢ < 6. Hence, the graph S'(K 2) is 7-product cordial.
Conversely, we assume that the graph S’(Kj ) is k-product cordial if ng <n< L%j — 1 where k =
1,0 (mod 3) for k > 4 except 7 and [g] <n < |%] —1for k =2 (mod 3) where k¥ > 8. From this

hypothesis, we have v¢(i) =1 or 0, ef(i) =1 or 0 if n = ng or [g] and ef(i) =1 or 2 if L%J +1<n<
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L%J —1or [%] +1<n< {%J — 1. Without loss of generality, we assign 1 and k£ — 1 to the vertices u
and v respectively. Also, we assign {0,2,3,...,k — 2} to the remaining vertices u; and v;. Now, we have
ef(1) = ef(k — 1) = 0, which is a contradiction. Therefore, the graph S'(K ;) is not k-product cordial if
[5] <n < |5]—1where k=1,0 (mod 3) for k > 4 except 7 and [£] < n < |5]—1 for k = 2 (mod 3) where
k > 8. Hence, the graph S’(K ;) is k-product cordial if and only if n > 1 and k > 4 except {%j <n<|E-1
if k=1,0 (mod 3) for k =4,6 and k > 8 and [%} <n< |k —1if k=2 (mod 3) for k > 8. O

Example 2.6. An example of 18-product cordial labeling of S’(K; 5) shown in Figure 4.

Figure 4: 18-Product cordial labeling of S"(K] 5).
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