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 ABSTRACT 

The main focus of this paper is to present a complete proof that W3 is the only edge-graceful wheel 

graph, a result that first appeared in the published work of S.Venkatesan and P.Sekar in 2017. In 

particular, we first discussed and exposed the results of S.Venkatesan and P.Sekar, regarding the edge-

gracefulness of wheel graphs, and argue that their proof is incomplete. Then, we provide a complete proof 

of their result using the concepts of divisibility and Diophantine equations. We end the paper by giving 

some future works, related to edge-graceful labelling.  
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1 INTRODUCTION 

The concept of graph labeling was first introduced in the mid-1960's. A graph labeling is an 

assignment of integers to the vertices or edges, or both, of a graph under certain conditions [1]. Within the 

last 60 years, over 200 types or variations of graph labeling have been studied and about 2500 articles 

have been published [2]. A graceful labeling or graceful numbering is a special graph labeling of a graph 

on m edges in which the vertices are labeled with a subset of distinct non-negative integers from 0 to m 

and each edge of the graph is uniquely labeled by the absolute difference between the labels of the 

vertices incident to it. If the resulting graph edge numbers run from 1 to m inclusive, it is a graceful 

labeling and the graph is said to be a graceful graph [3]. 

On the other hand, the concept of edge-gracefulness and edge-graceful graphs was defined and 

introduced by Sheng-Ping in 1985. Edge-graceful labeling is considered as a reversal of graceful labeling, 

because it labels the edges first, then the labels of the vertices would depend on the labels of the edges 

incident to them. That is, a graph G with p vertices and q edges, is said to be edge-graceful if the edges 

can be labeled from 1 through q, in such a way that the labels induced on the vertices by summing over 

incident edges modulo p are distinct [3]. 

In 2017, S.Venkatesan and P.Sekar wrote a paper regarding the edge-gracefulness of wheel graphs. 

They used the Lo’s Theorem and Microsoft Excel to prove the main result of their paper, which claims 

that W3 is the only edge-graceful wheel graph [3]. 

Motivated by their work, this research which aims to provide a complete proof of their result was 

created. 

 

2 PRELIMINARIES 

 

The following essential terms and results will be encountered and used in the succeeding sections of this 

article. 

 

Definition 2.1. Graceful Labeling: A graceful labeling of a graph G=(V,E) with p vertices and q edges is 

a 1-1 mapping f of the vertex set V(G) into the set {0,1,2,...,q}. If we define, for any edge e=(u,v) ∈ E(G), 
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the value 𝛺(e)=|f(u) -f(v)|, then 𝛺 is a 1-1 mapping of the set E(G) onto the set {1,2,...,q}. A graph is 

called graceful if it has a graceful labeling. 

 Figure 1 below, shows an example of a graph with graceful labelling. The notes beside it shows 

how it satisfies the definition of graceful labelling. 

 

 

 

 

 

 

 

 

 

 

Figure 1. Example of Graceful Labeling 

 

 

Definition 2.2. Edge-Graceful Labeling: A (p,q)-graph G(V,E) is called edge-graceful if there exist a 

bijection  f : E→{1,2,....,q} and the induced mapping  f+ : V →Zp = {0,1,....,p-1} defined by 

 

 𝑓+ ≡ ∑ 𝑓(𝑢𝑣)(𝑚𝑜𝑑 𝑝)

𝑢𝑣∈𝐸

 (1) 

 

is a bijection and every f(uv) are the labels of the edges incident to a corresponding vertex of G. 

 Figure 2 below, shows an example of a graph with edge-graceful labelling. The notes beside it 

shows how it satisfies the definition of edge-graceful labelling. 

 

 

 

 

 

 

 

 

 

 

Figure 2. Example of Edge-Graceful Labeling 

 

 

Definition 2.3. Wheel Graph: A wheel graph is the (n+1,2n) graph which is formed from adding the 

middle vertex and edges, connecting the new vertex to every vertex of a cycle Cn . Wheels are denoted by 

Wn, where n refers to the number of vertices in the outer cycle. 

 

For completeness, we recall some essential concepts in elementary Number Theory and Graph Theory. 

 

Theorem 2.4. Handshaking lemma: In any graph, the sum of all the vertex degree is an even number. 

 

Remark 2.5. We have the handshaking lemma since an edge always joins exactly two vertices in a graph. 
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Definition 2.6. Congruence: Let p be a positive integer. Also let a,b ∈ ℤ. We can say that a is congruent 

to b(modulo p) if  p|(a-b). That is if a = b + kp for some k ∈ ℤ. 

Some important properties of congruence are given below. 

 

Theorem 2.7. Let a,b ∈ ℤ and p be a positive integer. Then: 

 

 𝐼𝑓 𝑎 ≡ 𝑏(𝑚𝑜𝑑 𝑝), 𝑡ℎ𝑒𝑛 𝑏 ≡ 𝑎(𝑚𝑜𝑑 𝑝) (2) 

Theorem 2.8. Suppose 𝑎 ≡ 𝑏(𝑚𝑜𝑑 𝑝) 𝑎𝑛𝑑 𝑐 ≡ 𝑑(𝑚𝑜𝑑 𝑝), 𝑡ℎ𝑒𝑛 𝑎 + 𝑐 ≡ 𝑏 + 𝑑(𝑚𝑜𝑑 𝑝) 

 

3 RESULTS 

3.1 Exposition of S.Venkatesan and P.Sekar's Results 

To begin this subsection, we first state and prove the Lo’s Theorem, an initial condition to be 

satisfied for graph’s edge-gracefulness. 

 

Theorem 3.1. Lo’s Theorem: If a graph G of p nodes and q edges is edge-graceful, then 

 

 𝒑| (𝒒𝟐 + 𝒒 −  
𝒑(𝒑 − 𝟏)

𝟐
) (3) 

Proof:  

Again, we note that a (p,q)-graph G(V,E) is called edge-graceful if there exist a bijection  f : 

E→{1,2,....,q} and the induced mapping  f+ : V →Zp = {0,1,....,p-1} defined by (1), 

𝑓+ ≡ ∑ 𝑓(𝑢𝑣)(𝑚𝑜𝑑 𝑝)

𝑢𝑣∈𝐸

 

 

is a bijection and every f(uv) are the labels of the edges incident to a corresponding vertex of G. 

 In graph G, an edge connects exactly two vertices, by the handshaking lemma. We now consider 

all vertices of G, and by Theorem 2.8, we'll have, 

 (0 + 1 + 2 + ⋯ . +(𝑝 − 1)) ≡ 2(1 + 2 + ⋯ . +𝑞)(𝑚𝑜𝑑 𝑝) (4) 

By applying Theorem 2.7 on (4), we'll have: 

 

         2(1 + 2 + ⋯ . +𝑞) ≡ (0 + 1 + 2 + ⋯ . +(𝑝 − 1))(𝑚𝑜𝑑 𝑝) 

2 ∑ 𝑥

𝑞

𝑥=1

≡ (0 + ∑ 𝑥

𝑝−1

𝑥=1

)(𝑚𝑜𝑑 𝑝) 

 

 

(5) 

 

(6) 

 

 

 

Since ∑
𝑁(𝑁+1)

2
𝑁
𝑥=1  , we can simplify (6). That is, 

 

 2 (
𝑞(𝑞 + 1)

2
) ≡ 0 + (

(𝑝 − 1)𝑝

2
) (𝑚𝑜𝑑 𝑝) 

(7) 

 

(8) 
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    𝑞2 + 𝑞 ≡ (
(𝑝 − 1)𝑝

2
) (𝑚𝑜𝑑 𝑝) 

Which implies that, 

  

𝒑| (𝒒𝟐 + 𝒒 −  
𝒑(𝒑 − 𝟏)

𝟐
) 

                ∎ 
Lo's Theorem is the initial condition for edge-gracefulness of a graph. 

 

We now present the main results of S.Venkatesan and P.Sekar. 

 

Theorem 3.2. (Main Result of S.Venkatesan and P.Sekar) 

W3 is the only edge-graceful wheel graph. 

 

Proof: 

First, a wheel graph Wn has n+1 verities and 2n edges. Using Lo's Theorem, if a graph with p 

vertices and q edges is edge-graceful, then 

 

𝒑| (𝒒𝟐 + 𝒒 −  
𝒑(𝒑 − 𝟏)

𝟐
) 

 

For Wn, we substitute p=n+1 and q=2n in the theorem above. Thus, 

 

 (𝑛 + 1)| ((2𝑛)2 + 2𝑛 −  
(𝑛 + 1)𝑛

2
) (9) 

By simplifying (9), we’ll have: 

 (𝑛 + 1)| (
7𝑛2 + 3𝑛

2
) (10) 

Which implies that, 

 (
7𝑛2 + 3𝑛

2(𝑛 + 1)
) ∈  ℤ (11) 

 

Hence, we must find the values of n that will make the above expression, an integer. Using 

Microsoft Excel-2021, we observe, which values of n from 1 to 200 (the original paper of S.Venkatesan 

and P.Sekar only used 1-100) will satisfy  (
7𝑛2+3𝑛

2(𝑛+1)
) ∈  ℤ as shown in the figure below, 
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Figure 3. Microsoft Excel-2021 Data 

 

This method helped to show that from 1 to 200, only n=3 will satisfy our conditions. However, this 

method is incomplete because it only considered some or limited values of n. Thus, we must use another 

method, where we need to consider all possible values of n. One way of doing so, is by using the concepts 

of divisibility and Diophantine equations. 

 

3.2 An Alternative Proof, Using the Concepts of Divisibility and Diophantine Equations 

In this subsection, we will completely prove that W3 is the only edge-graceful wheel graph, using 

the Lo's theorem, and the concepts of divisibility and Diophantine equation. 

 

 Recall that using the Lo's theorem, if Wn with p=n+1 vertices and q=2n edges is edge-graceful, 

then: 

(
7𝑛2 + 3𝑛

2(𝑛 + 1)
) ∈  ℤ 

Hence, 

 

 7𝑛2 + 3𝑛 = 2(𝑛 + 1)𝑘,      𝐹𝑜𝑟 𝑠𝑜𝑚𝑒 𝑘 ∈ ℤ 

7𝑛2 + 3𝑛 = 2𝑛𝑘 + 2𝑘,      𝐹𝑜𝑟 𝑠𝑜𝑚𝑒 𝑘 ∈ ℤ 
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Thus, we must solve for all the possible integer values of n and k in the Diophantine equation, 

 7𝑛2 + 3𝑛 − 2𝑛𝑘 − 2𝑘 = 0,   𝑤ℎ𝑒𝑟𝑒 𝑛, 𝑘 ∈ ℤ (12) 

Observe that this Diophantine equation is of the form, 

 

𝑎𝑛2 + 𝑏𝑛𝑘 + 𝑐𝑘2 + 𝑑𝑛 + 𝑒𝑘 + 𝑓 = 0 

 

Where a=7, b=-2, c=0, d=3, e=-2, and f=0. 

The discriminant is 𝑏2 − 4𝑎𝑐 = (−2)2 − 4(7)(0) = 𝟒. Now, let D be the discriminant. we apply the 

transformation of Legendre [4], Dn=X+𝛼, Dk=Y+𝛽, and we will obtain: 

 

𝜶 = 2𝑐𝑑 − 𝑏𝑒 = 2(0)(3) − (−2)(−2) = −𝟒  𝑎𝑛𝑑  𝜷 = 2𝑎𝑒 − 𝑏𝑑 = 2(7)(−2) − (−2)(3) = −𝟐𝟐 

 

So we will get the equation: 

 𝑎𝑋2 + 𝑏𝑋𝑌 + 𝑐𝑌2 = 𝐾 → 𝟕𝑿𝟐 − 𝟐𝑿𝒀 = −𝟔𝟒 (13) 

where 𝐾 = −𝐷(𝑎𝑒2 − 𝑏𝑒𝑑 + 𝑐𝑑2 + 𝑓𝐷) = −64. 

The algorithm requires the constant coefficient to be positive, so we multiply both RHS and LHS of 

equation (13) by -1, 

 −7𝑋2 + 2𝑋𝑌 = 64 →  (−𝟕𝑿 + 𝟐𝒀)(𝑿) = 𝟔𝟒 (14) 

We have to find all the factors of the RHS and solve for the resulting system of linear equations. We solve 

for n and k , where D=4, Dn=X+𝛼, Dk=Y+𝛽, 𝛼=-4, and 𝛽=-22. The figure below shows the summary of 

these results. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Solutions of the Diophantine Equation 

 

Therefore, we only have 4 possible solutions for the Diophantine equation 7𝑛2 + 3𝑛 − 2𝑛𝑘 −
2𝑘 = 0. These are: (n,k)=( 3,9), (-5,-20), (0,0), and (-2,-11). However, since we are only concern with 
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possible values of n for wheel graph Wn, then we can limit the value of n, and that is, n must be a positive 

integer only. Hence, from our 4 solutions, only (3,9), where n=3 will satisfy this condition. Therefore, we 

have proven that W3 is the only wheel graph that satisfies the Lo's Theorem. 

For an illustrative example, the figure below is an example of edge-graceful labelling of a wheel 

graph W3, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. Edge-Graceful Labeling of W3 

 

 Therefore, we can now conclude that W3 is the only Edge-graceful wheel graph. 

                                                                                                                                                              

4 CONCLUSION 

In this paper, we were able to present the results of S.Venkatesan and P.Sekar regarding W3 as the 

only edge-graceful wheel graph. Using Lo's Theorem, they found out that if a wheel graph Wn is edge-

graceful, then  (
7𝑛2+3𝑛

2(𝑛+1)
) ∈  ℤ. Using Microsoft Excel, they tested values of n from 1 to 100 (we extended 

it to 200), where they observed that only n=3 will satisfy the needed conditions. Thus, we were able to 

recognize that there is a limitation with their method.  

Therefore, we provided an alternative and complete proof for their result using concepts of divisibility 

and Diophantine equations. In particular, we have shown that in order to prove the theorem, we must find 

the solutions to the Diophantine equation 7𝑛2 + 3𝑛 − 2𝑛𝑘 − 2𝑘 = 0. We solved that only (n,k)=(3,9) 

where n=3 is the only solution that satisfies all our conditions. We were also able to provide an 

illustrative example of an edge-graceful labeling of W3. Therefore, it proves that W3 is the only edge-

graceful wheel graph. 

The readers are encouraged to explore other possible methods in proving the discussed results. Also, 

they are encouraged to use the concept of edge-gracefulness and explore other families/types of graphs. 
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