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Abstract

In this paper, we introduce the concept @-soft coset and Q-soft middle coset of group G and investigate
some of their properties and structured characteristics. Next we define characteristic @-soft subgroup and
generalized characteristic @-soft subgroup of groups and obtain some resuls about them. Finally, we
introduce @-level subgroups of @-soft subgroups and investigate some of their properties.
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1 Introduction

Most of our traditional tools for formal modeling, reasoning, and computing are crisp, deterministic, and
precise in character. However, there are many complicated problems in economics, engineering, environment,
social science, medical science, etc., that involve data which are not always all crisp. We cannot successfully
use classical methods because of various types of uncertainties present in these problems. There are theories,
viz., theory of probability, theory of fuzzy sets [22], theory of intuitionistic fuzzy sets [2, 3], theory of vague
sets [4], theory of interval mathematics [3, 5|, and theory of rough sets [10] which can be considered as
mathematical tools for dealing with uncertainties. In 1999, Molodtsov [9] introduced the soft set theory as
a general mathematical tool for dealing with uncertainty or vagueness. The reason for these difficulties is,
possibly, the inadequency of the parametrization tool of the theories. Consequently, Molodtsov [9] initiated
the concept of soft theory as a mathematical tool for dealing with uncertainties which is free from the
above difficulties. We are aware of the soft sets defined by Pawlak [11], which is a different concept and
useful to solve some other type of problems. Soft set theory is still a better approach to deal with problems
involving uncertainty. Later, this theory became a very good source of research for many mathematicians
and computer scientists of recent years because of its wide range of applicability. The development in the
fields of soft set theory and its application has been taking place in a rapid pace. The notion of soft groups
is a branch of soft set theory and it was first introduce by Aktas and Cagman [1] in 2007. Later, some
authors like Yin and Liao [21] have studied various properties of soft groups. The soft group theory has

applications in the theory of computer science. Rosenfeld [18] gave the idea of fuzzy subgroups. A. Solairaju
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and Nagarajan [19, 20] introduce and define a new algebraic structure of Q-fuzzy groups. The author
investigated properties of soft algebra [6, 12, 13, 14, 15, 16, 17]. The purpose of this paper is to introduce
and investigate of ()-soft coset, (J-soft middle coset, characteristic ()-soft, generalized characteristic Q)-soft
subgroups of group G and Q-level subgroups of Q-soft subgroups. In section 2, we present basic definitions
of soft sets and their operations and we review some elementary aspects that are necessary for this paper. In
Section 3, we define Q-soft coset and ()-soft middle coset of group G and we prove that QQ-soft middle coset of
group G will be @-soft subgroup of G. Also we show that the cardinal of Q-soft subgroup of G and its @Q-soft
middle coset will be equal and we characterize Q-soft coset of group G. Finally, by using homomorphisms
and anti-homomolrphisms of groups, we obtain some isomorphisms and anti-homomorphisms between Q-soft
coset of group G. In Section 4, we define characteristic )-soft subgroup and generalized characteristic (-soft
subgroup of groups and we prove that any subgroup H of a group G can be realized as a (Q-soft subgroup of
some Q-soft subgroup of G. In Section 5, we introduce Q-level subgroups of Q)-soft subgroups and investigate
properties of them. Later, we prove that intersection and union of them is also Q-level subgroups. Next
we show that each Q-level subgroup of @Q-soft normal subgroup of group G is is a normal subgroup of G.
Finally, we obtain some results of ()-level subgroups under product and Q-soft coset of Q-soft subgroup of

groups.

2 Preliminaries

Definition 2.1. ([7]) A group is a non-empty set G on which there is a binary operation (a,b) — ab such
that

(1) if @ and b belong to G then ab is also in G (closure),

2) a(bc) = (ab)c for all a,b, c € G (associativity),

1 1

(2)
(3) there is an element e € G such that ae = ea = a for all a € G (identity),
(4) =a 'a = e (inverse).

4) if a € G, then there is an element a~! € G such that aa™

One can easily check that this implies the unicity of the identity and of the inverse. A group G is called

abelian if the binary operation is commutative, i.e., ab = ba for all a,b € G.

Remark 2.2. There are two standard notations for the binary group operation: either the additive notation,
that is (a,b) — a + b in which case the identity is denoted by 0, or the multiplicative notation, that is
(a,b) — ab for which the identity is denoted by e.

Example 2.3. (1) Z with the addition and 0 as identity is an abelian group.

(2) Z with the multiplication is not a group since there are elements which are not invertible in Z.

Definition 2.4. ( [7]) In abstract algebra, a normal subgroup is a subgroup that is invariant under con-
jugation by members of the group of which it is a part. In other words, a subgroup H of a group G is
normal in G if and only if gH = Hg for all g in G. The definition of normal subgroup implies that the sets
of left and right cosets coincide. In fact, a seemingly weaker condition that the sets of left and right cosets
coincide also implies that the subgroup H of a group G is normal in G. Normal subgroups (and only normal
subgroups) can be used to construct quotient groups from a given group. In mathematics, if G is a group,
and H is a subgroup of G, and g is an element of G, then gH = {gh : h € H} is the left coset of H in G
with respect to g, and Hg = {hg : h € H} is the right coset of H in G with respect to g. Only when H is
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normal will the set of right cosets and the set of left cosets of H coincide, which is one definition of normality
of a subgroup. Although derived from a subgroup, cosets are not usually themselves subgroups of G, only
subsets. A coset is a left or right coset of some subgroup in G. Since Hg = g(¢g~*Hg), the right coset Hg (of
H with respect to g) and the left coset g(¢g~'Hg) (of the conjugate subgroup g~ Hg) are the same. Hence it
is not meaningful to speak of a coset as being left or right unless one first specifies the underlying subgroup.
In other words: a right coset of one subgroup equals a left coset of a different (conjugate) subgroup. If the
left cosets and right cosets are the same, then H is a normal subgroup and the cosets form a group called

the quotient or factor group.

Proposition 2.5. ([7]) Let G be a group. Let H be a non-empty subset of G. The following are equivalent:
(1) H is a subgroup of G.
(2) v,y € H implies xy~' € H for all x,y.

Definition 2.6. ( [7]) Let (G,.),(H,.) be any two groups. The function f : G — H is called a homomor-
phism (anti-homomorphism) if f(zy) = f(x)f(y)(f(zy) = f(y)f(z)), for all z,y € G.

Throughout this work, @ is a non-empty set, U refers to an initial universe set, F is a set of parameters
and P(U) is the power set of U.

Definition 2.7. ( [8, 9]) For any subset A of E, a Q-soft subset faxq over U is a set, defined by a function
faxQ, representing a mapping faxg : E x Q — P(U), such that faxg(z,q) =0 if x ¢ A. A soft set over U
can also be represented by the set of ordered pairs faxg = {((z,q), faxq(x,q)) | (z,q) € EXQ, faxg(z,q) €
P(U)}. Note that the set of all @-soft subsets over U will be denoted by QS (U). From here on, "soft set”

will be used without over U.

Definition 2.8. ( [8, 9]) Let faxq, fexq € QS(U). Then,

(1) faxq is called an empty Q-soft subset, denoted by ®axq, if faxg(x,q) =0 for all (z,q) € E x Q,

(2) faxq is called a A x Q-universal soft set, denoted by f,5 4 » if faxq(z,q) = U for all (z,q9) € Ax Q,
(3) faxq is called a universal @-soft subset, denoted by fr; , if faxq(z,q) =U for all (z,q) € E x Q,
(4) the set Im(faxg) = {faxo(z,q) : (z,q) € A x Q} is called image of faxg and if A x Q = E x Q,
then Im(fpxq) is called image of E x @ under faxq. (5) faxg is a Q-soft subset of fpxg, denoted by
fAXQéfBX@ if faxq(x,q) C fexq(w,q) for all (z,q) € E x Q,

(6) faxg and fpxq are soft equal, denoted by faxg = fBxq, if and only if faxqg(z,q) = fBxo(®, q) for all
(z,9) € ExQ,

(7) the set (faxQUfBxQ)(x,q) = faxq(x,q) U fexq(x,q) for all (z,q) € E x Q is called union of faxg and
fBXQu

(8) the set (faxoNfBxQ)(®,q) = faxq(x, @) N fexo(z,q) for all (x,q) € E x Q is called intersection of f4xq
and fBxq-

Example 2.9. Let U = {uy, u2,us,uq,us} be an initial universe set and E = {x1, x9, x3, x4, x5} be a set of

parameters. Let Q = {q1,q2,q3}, A = {21, 22}, B = {x2,23},C = {24}, D = {5}, F = {1, 22, 23}. Define

f (z,q) = {ui,ug,us} if x=w1and ¢=q
Ax@ind {U17U5} ifz =xz0and ¢ = qo

_ J {u,up} ifz =xz5and g = g
fBxq(@,q) = { {ug,uq} if x =zgand ¢q=q
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{u17u27u3uu4} ifr=ziandqg=q

frxo(z,q) = {ur,ug,us} if x =xzpand g =g
{ug,us} if x=2x3and ¢ =gs

foxo(za,q) =U and fpxg(xs,q) = {}. Then we will have

{ui,ug,us} ifx=z1and ¢=q

(fax@UfBxQ)(x,q) = § {u1,u2,us} if z=1xpand ¢ =g
{ug,uq} if x=zg3and ¢q=q

if r =xz9and ¢ = ¢

(fax@NfBxQ)(@,q) = { {ug if x # a9

Also, foxq = fox 0 and fpxg = ®px@. Note that the definition of classical subset is not valid for the
soft subset. For example fAXQQ frxq does not imply that every element of fs.g is an element of fr«g.
Thus faxQCfrxg but faxg € frxq as classical subset.

Definition 2.10. ( [6]) Let (G,.) be a group and fgxg € @S(U). Then, foxq is called a Q-soft subgroup

over U if faxq(ry,q) 2 faxq(x,q) N faxq(y,q) and fo(z™", q) = faxq(x,q) for all z,y € G,q € Q.
Throughout this paper, G denotes an arbitrary group with identity element e and the set of all @)-soft

subgroup with parameter set G over U will be denoted by Sgxq(U).

Example 2.11. Let G = {1, —1} be a group and U = {uy, uz, u3, us}, Q = {q}. Let faxo = {((1,q), {u1,u2}), ((—1,q)
then fGXQ € SGXQ(U).

Proposition 2.12. ( [6]) Let faxq € Saxq(U). Then faxqg(ea,q) 2 faxq(x,q) for allx € G,q € Q.

Proposition 2.13. ( [6/) faxq € Saxq(U) if and only if fGXQ(xy_l,q) 2 faxo(x,q) N faxq(y,q) for all
r,y € G,q €Q.

Definition 2.14. ( [6]) Let (G,.), (H,.) be any two groups and faxQ € Saxq(U),9uxq € Suxq(U). The

product of faxg and gp g, denoted by faxoXguxq : (GXxH)xQ — P(U) ,is defined as faxoXguxq((z,v),q) =
faxq(x,q) Nguxq(y,q) for all z € G,y € H,q € Q. Throughout this paper, H denotes an arbitrary group.

Definition 2.15. ( [14]) Let faxg € Saxq(U) and H = {z € G : faxo(x,q) = faxq(e,q)}, then O(faxq),
the order of fgxq is defined as O(faxq) = O(H).

Definition 2.16. ( [14]) Let foxq € Saxq(U) then foyq is said to be a @Q-soft normal subgroup of G if
faxq(zy, q) = faxq(yz,q), for all z,y € G and g € Q. Throughout this paper, G denotes an arbitrary group
and the set of all @-soft normal subgroup with parameter set G over U will be denoted by NSaxq(U).

Example 2.17. Let U = {u1,u2,us} be an initial universe set and (R, +) be an additive real group. Define
fRXQ:RXQ*}P(U) as

~ A{ur,ue} ifx e R2°
foQ(x,Q) = { {US} if r € R<O

then foQ € NSRXQ(U).
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3 (-soft cosets of ()-soft subgroups

Recall that (z) = {y 'xy : y € G} is called the conjugate class of z in G.

Proposition 3.1. Let faxg and gaxq be two Q-soft subsets of an abelian group G. Then faxg and gaxg
are conjugate Q-soft subsets of the abelian group G if and only if faxg = gaxq-

Proof. Let z,y € G and q € Q. If fgxg and ggxg are conjugate @)-soft subsets of the abelian group G,

then faxq(w,9) = goxq(y™ "2y, q) = goxq(yy~'2.9) = gaxq(e. q) = 9axq(, q). Therefore fGxq = gaxq-

-1
ze,q).

Hence faxq and ggxg are conjugate @Q-soft subsets of the abelian group G. O

Conversely, iffaxg = gaxq@, then for the identity element e of G, we have foxo(z,q) = faxg(e

Definition 3.2. Let foxg € Saxq(U). For any a € G, define afgxq defined by (afaxq)(z,q) = faxg(a™tz,q),
for every x € G and ¢ € @, is called a Q-soft coset of G.

Definition 3.3. Let foxg € Sax@(U). Then for any a,b € G, a @-soft middle coset afgxqb of G is defined
by (afaxgb)(r,q) = faxg(a™tab™L, q), for every z € G and ¢ € Q.

Proposition 3.4. If foxq s a Q-soft subgroup of a group G, then for any a € G the Q-soft middle coset
a(faxqg)a™ of G is also a Q-soft subgroup of G.

Proof. Let xz,y,a € G and ¢ € Q. Then

(alfexo)a DN(zy ™t q) = faxgla 2y ta,q)

(

= faxola traa ya, q)

= foxq((a™ za)(a™ya) ", q)

D faxqla ' wa,q) N foxq((a™'ya)™",q)
D foxqla™ wa,q) N foxqla™'ya, q)

= (a(foxq)a ) (z,q) N (a(faxq)a™)(y, q)-
Thus by Proposition 2.13 we get that a(faxg)a™! is a Q-soft subgroup of G. O

Proposition 3.5. Let faxq be a Q-soft subgroup of a group G and a(fGXQ)a_1 be a Q-soft middle coset
of G, then O(a(faxg)a™) = O(faxq) for any a € G.

Proof. Let faxg be a @Q-soft subgroup of G and a € G. By Proposition 3.4, the Q-soft middle coset
a( fGXQ)a_l is a @-soft subgroup of G. Further by the definition of a @-soft middle coset of G, we have
(a(faxg)a™ ) (x,q) = faxgla™'za,q) for every x € G and ¢ € Q. Hence for any a € G we obtain
faxq and a(foxg)a™
(alfaxg)a™)(x,q) = faxgla™'za,q) for every z € G and ¢ € Q. Now we get that O(a(fexg)a™) =
O(faxq) for any a € G. O

are conjugate @-soft subgroups of a group G as there exists a in G such that

Proposition 3.6. Let fgxq be a Q-soft subgroup of a group G and gaxg be a Q-soft subset of a group G.
If faxg and gaxg are conjugate Q-soft subsets of the group G, then gaxq is a Q-soft subgroup of a group
G.
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Proof. Let z,y,g € G and ¢ € Q then zy~! € G. Now

gox@(@y~',q) = faxqle ey~ g,9)
= foxqlg g9 'y g, q)
= foxq((g'2g) (97 y9) ! q)
D faxqlg~'xg,9) N faxe(9™'y9),q)
(z,

= 9axQ(z,9) N gaxqQ (¥, q)-

Hence Proposition 2.13 get us that gaxg is a Q-soft subgroup of a group G. O

Proposition 3.7. Let faxq be a Q-soft subgroup of a group G. Then xfaxqg = yfaxq for x,y € G if and
only if foxq(x ™'y, a) = faxq(y™'z,q) = faxqle, @)

Proof. Let faxg be a @Q-soft subgroup of a group G and z,y € G,q € Q. If xfaxg = yfaxq, then
zfaxq(x,q) = yfaxq(x,q) and z faxq(y, q) = yfaxq(y, ¢) which implies that foxq(z ™12, q) = faxoy 2, q)
and foxq(z 71y, q) = faxo ™'y, q). Hence faxqle,q) = faxqy 'x,q) and faxo(z™'y,q) = faxqle,q).
Therefore faxq(x™'y,q) = faxo'x,q) = faxqle, q).

Conversely, let faxo(z 71y, q) = faxo(y ™z, q) = faxo(e, q). Let g € G. Then

rfaxq(9,9) = faxq(z ™' g,q9)
= faxo(@ yy g, q)
2 faxq(@ ™y, q) N faxa(y™'9,q)
= foxqle, Q) N foxey™'9,q)
= faxo(y~'g,q) (by Proposition 2.12)
= yfaxq(9:9) = faxq(y™'9.49)
= foxq(y~ 1wz lg,q)
D foxqy 'z,q) N faxq(e™'g,q)
= faxqle.q) N faxq(@™g,9)
= fGXQ(:U_lg,q) (by Proposition 2.12)

= zfex0(9,9)-

Thus = faxg = yfaxq- O

Proposition 3.8. Let faxg be a Q-soft subgroup of a group G and xfaxq = yfaxg for all x,y € G. Then
faxq(®,q) = faxq(y,q) for all g € Q.

Proof. Let z,y € G and q € Q. Then
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faxo(x.q) = faxqyy™'x.q)
2 faxQ(y:4) N faxq(y™ 'z, q)

= faxo(y;0) N faxqle q)

= faxq(y,q) (by Proposition 2.12)

= faxq(@r™'y,q) 2 faxq(x,q) N foxq(x ™'y, q)

= faxQ(z,q) N faxqle q)

= faxq(z,q) (by Proposition 2.12).

Therefore faxo(z,q) = faxq(y,q). =

Proposition 3.9. If faxq is a Q-soft normal subgroup of a group G, then the set
is a group with the operation (xfaxq)(yfaxg) = (zy) faxo-

fGGxQ = {:L‘fGXQ T E G}

Proof. (1) If z,y € G, then zy € G. Let xfaxq,yfaxqg € fGCiQ then (zfaxq)(Wfaxq) = (xy)faxg € ﬁ
(closure).

(2) Let x,y, 2z € G then z(yz) = (xy)z. Now let zfaoxq, yfaxqQ, yfaxq € & SO

(foxQ)[(nyxQ)(ZfoQ)] (foxQ)](nyGxQ)

r(yz) faxq) = (xy)2faxq)

[

= (

= (zyfoxq)(2faxqQ)
= [(zyfaxQ)(2faxq)
=

(
(xfaxq)(Wfaxo)l(zfaxq)- (associativity)

(3) Let z € G and e be identity element of G then ze = ex = x. Thus (xfoxg)(efaxqQ) = (zefaxq) =
(exfaxq) = xfaxq (identity).
(4) If € G, then there is an element 27! € G such that zz7! =27z = e. Let 2faxq € & there is an

element (zfaxq)~ L=y 1fG><Q € f such that

(xfax@)(@fax@) ™" = (xfax@) (@™ foxq)
= (zz 7" foxq)
= (v v faxq)
= efaxq = faxq. (inverse)

G .
Hence Toro 18 @ group. O

Proposition 3.10. Let h : G — H be a homomorphism of groups and let goxg be a Q-soft normal subgroup

H

— such
foxq 9GxQ

of H and ggxq be homomorphic pre-image of Q-soft normal subgroup of H. Then ¢ :

that o(xfaxq) = h(z)gaxq for every x € G is an isomorphism of group.

Proof. Clearly ¢ is onto. Now we prove that ¢ is one-one. Let z,y € G,q € Q and xfgxQ,yfaxq € ﬁ. If
o(rfoxo) = e(Yfaxq), then h(z)gexo = h(y)gaxg- Now Proposition 3.7 implies that g xo((h(z)) ~th(y),q) =
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9exQ((h(y)) " h(z),q) = gaxq(h(e),q) and so gaxq(h(z~")h(y),q) = gaxo(M(y~")h(z),q) = gaxq(h(e),q)
which implies that goxo(h(yz™1),q) = gaxo(h(@y™'),q) = gaxq(h(e),q). Then Proposition 3.7 implies
that zfoxq = yfaxq and then ¢ is one-one. Also o((zfax@)(Wfaxq)) = v((zy)faxq) = (h(zy))gaxq =
(h(@)h(y))gexq = (h(2))gaxq(h(y))9doxq = ¢(rfaxQ)e(yfaxq)-

Therefore o((zfaxq)(Yfaxq)) = ¢(xfex0)e(yfaxq)- Hence ¢ is an isomorphism. O

Proposition 3.11. Let h : G — H be an anti-homomorphism of groups and let goxq be a Q-soft normal
subgroup of H and fgxg be anti-homomorphic pre-image of Q-soft normal subgroup of H. Then ¢ : & —

Toxo such that (zfaxq) = h(x)gaxq for every x € G is an anti-isomorphism of group.

Proof. Let x,y € G,q € Q and v fgxq,yfaxqQ € f . Clearly ¢ is onto and we prove that ¢ is one-one.
Now p(zfaxq) = ¢(yfaxq) implies that h(x)gaxg = h( )9axq- Proposition 3.7 give us that

gaxq((h(2)) 7" h(y), q) = gaxqa((h(y)) ™ h(=z),q) = gaxq(h(e),q)

and so
goxQ(Ma™ (), q) = gaxq(hly™h(x),q) = goxq(h(e), q)

which implies that goxo(h(yz™1),q) = gaxo(h(@y™),q) = gaxq(h(e),q). Then Proposition 3.7 implies
that zfaxo = yfaxg and then ¢ is one-one. Also p((xfaxq)(Wfaxq)) = ¢((zy)faxq) = (h(zy))gaxq =
(h(y)h(z))gexq = (h(Y))gexq(M®))gaxq = (Y faxq)P(Tfaxq)-

Therefore o((zfaxQ)(Ufaxq)) = ¢(yfaxo)e(xfaxqg). Hence ¢ is an isomorphism. O

4 Characteristic ()-soft subgroups

Definition 4.1. Let foxg € Saxq(U) then faxq is said to be a characteristic @-soft subgroup of G if
faxq(z,q) = faxq(f(x),q), for all z € G and f € AutG and q € Q.

Definition 4.2. Let fgxg € Saxq(U). we say that fgxq is a generalized characteristic Q-soft subgroup if
for all x,y € G, condition O(x) = O(y) implies faxo(z,q) = faxq(y,q), for all ¢ € Q.

Remark 4.3. In what follows the symbol o stands for the composition operation of functions.

Proposition 4.4. Let fgxq be a Q-soft subgroup of a group H and h is an isomorphism from a group G
onto H. Then we have the following:

(1) If faxq is a generalized characteristic Q-soft subgroup of H , then faxgoh is a generalized characteristic
Q-soft subgroup of G.

(2) If faxq is a generalized characteristic Q-soft subgroup and h is an automorphism on G, then fgxgoh =
fexq-

Proof. (1) Let fgxg be a @-soft subgroup of a group H then from [14, Proposition 3.16] fgxg o h is a
@-soft subgroup of G. Let z,y € G and O(x) = O(y). Then we have (faxg o h)(z,q) = faxq(h(x),q) =
faxo(M(y),q) = (faxg © h)(y, q). Therefore fgxg o h is a generalized characteristic Q-soft subgroup of G.

(2) Clear. O

Proposition 4.5. Let faxq be a Q-soft subgroup of a group H and h is an anti-isomorphism from a group
G onto H. Then we have the following:
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(1) If faxq is a generalized characteristic Q-soft subgroup of H , then faxgoh is a generalized characteristic

Q-soft subgroup of G.
(2) If faxq is a generalized characteristic Q-soft subgroup and h is an anti-automorphism on G, then

faxgoh = faxq-

Proof. (1) Let faxg be a @-soft subgroup of a group H then by [14, Proposition 3.16] faxg o h is a Q-
soft subgroup of G. Let z,y € G and O(xz) = O(y). Then we have (faxg o h)(z,q) = faxg(h(x),q) =
faxo(M(y),q) = (faxqg © h)(y, q). Therefore fgxqg o h is a generalized characteristic Q-soft subgroup of G.

(2) Clear. O

Proposition 4.6. Any subgroup H of a group G can be realized as a Q-soft subgroup of some Q-soft subgroup
of G.

Proof. Let o € P(U) be fix set and fgxg be the Q-soft subset of a group G defined by

[ a ifzeHqeqQ
foQ(M)—{ 0 ifx¢d Hqge@

We claim that foxq is a Q-soft subgroup of G. Let z,y € G and ¢ € Q.
(1) If 2,y € H, then zy~' € H. Then we get that

foxozy ™9 =aDa=ana= foxg(x,q9) N faxo(y,q).

(2) If v € H,y ¢ H, then zy~! ¢ H. Therefore

foxo@y ™) =020 =anb = foxo(r,q) N faxo(y,q)-

(3)Ifx,y¢ H,thenxy '€ Horzy ' ¢ H :
if zy~! € H, then

foxoley ™ q) =a20=0n0= foxo(z,q) N faxo(y,q)
if zy~! ¢ H, then

faxqey @) =020=0N0= foxq(z, ) N foxq(y, 9)-

Now by (1)-(3) and Proposition 2.13 we obtain that foxqg is a @-soft subgroup of G. O

5 (@-level subset

Definition 5.1. Let fgxg be a Q-soft subset of group G. For o € P(U), a Q-level subset of fgxg corre-
sponding to « is the set fG, o ={z € G: faxq 2 a}

Proposition 5.2. Let faxq be a Q-soft subgroup of a group G. Then for o € P(U) such that o C faxq(e, q),
then fng a is a subgroup of G.

Proof. Let z,y € f&,o and ¢ € Q. Then fexq(z,q) 2 « and faxq(y,q) 2 a. Now faxo(zy™,q) 2
faxo(x,9) N faxo(y,q) 2 aNa = a which implies that zy~! € féxq and then by Proposition 2.5 f&, o
will be a subgroup of G. O
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Proposition 5.3. Let faxg be a Q-soft subgroup of a group G. Let o, € P(U) with B C o and o C
faxole,q) and B C faxg(e,q). Then féxg = fng if and only if there is no x € G such that o D
fexq(z,q) D B.

Proof. Assume that f&,, = ngQ and there exists an # € G such that @ O fgxg(x,q) O S. Then
féxg C fng which implies that x € fng but x ¢ fGxg- This is a contradiction to f&,o = fng.
Thus there is no z € G such that @ O foxqg(z,q) D B. Conversely, if there is no z € G such that
a D faxq(z,q) D B, then fng = fng' O

Proposition 5.4. Let G be a group and faxq be a Q-soft subset of G such that f& g be a Q-level subgroup
of G. If « € P(U) such that o C faxq(e,q), then faxq is a Q-soft subgroup of G.

Proof. Let z,y € G and ¢ € Q. Let foxo(x,q) = a and foxo(y,q) = 5. Now
(1) f « C B, then z,y € [Gxg- Since fG, o is a Q-level subgroup of G so ry e fGxg- Then

fGXQ($y717Q) 2 o=« mﬁ = fGXQ(x7Q) m fGXQ(y7Q)

(2) If « D B, then z,y € fng' Since fng is a Q-level subgroup of G so zy~! € fng' Then

faxozy™h @) 2 B8=anB = faxo(z,q) N faxq(y, q).

(3) If a = 3, then it is trivial.
Then from (1)-(3) and Proposition 2.13 we obtain that fgxg is a Q-soft subgroup of G. O

Proposition 5.5. Let G be a group and fgxq be a Q-soft subset of G. Let o, f € P(U). If féxg and fng
be two Q-level subgroups of faxg in G, then ngQ N fng will be Q-level subgroup of faxq in G.

Proof. Let o, B € P(U) with o, 8 C faxo(e, q).

(1) If o C faxo(x,q) C B, then ngQ C féxg and so f&, o N fng = ngQ.

(2) If & D faxg(z,q) D B, then féxg C ngQ and so fé,oN ngQ = féxo-

(3) If o = B, then &, = foro

Now (1)-(3) give us that fng N fng will be Q-level subgroup of fgxg in G. O

Corollary 5.6. Let fgxg be a Q-soft subgroup of a group G and for all i € I, we have o; € P(U) with
a; C faxole,q). If fS;Q be a collection of Q-soft subgroups of faxq, then their intersection is also a Q-soft
subgroup of faxq-

Proposition 5.7. Let G be a group and fgxg be a Q-soft subset of G. Let o, f € P(U). If féxg and fng
be two Q-level subgroups of faxq in G, then fng U fng will be Q-level subgroup of faxg in G.

Proof. Let o, 8 € P(U) with o, 8 C faxq(e, q).

(1) If & C faxq(z,q) C B, then fng C féxg and so f&,oU fng = [éxo-

(2) If a D faxo(x,q) D B, then féxg C fng and so f@,oU fng = féXQ.

(3) If a = B, then f&, o = fovo-

Now (1)-(3) give us that féxoU fng will be Q-level subgroup of fgxg in G. O

Corollary 5.8. Let faxq be a Q-soft subgroup of a group G and for all i € I, we have o; € P(U) with
a; € faxole,q). If fgiXQ be a collection of Q-soft subgroups of faxq, then their union is also a Q-soft
subgroup of faxq-
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Proposition 5.9. Let foxg is a Q-soft normal subgroup of a group G and o € P(U) with o C faxqg(e, q).
Then each Q-level subgroup fng is a normal subgroup of G.

Proof. Let x € f@,o and g € G and ¢ € @ then faxo(z,q) 2 a. As faxq is a Q-soft normal subgroup of a

group G so faxq(9'29,q) = faxq(xgg™",q) = faxq(x,q) 2 o and then g~'zg € fGxq- This means that
féx o 18 a normal subgroup of G. O

Proposition 5.10. Let foxg and goxq be Q-soft subsets of the sets G and H, respectively, and o € P(U).
Then (fax@*x96xQ)* = f&xo*x9&x0-

Proof. Let z,y € G and q € Q). Then

(z,y) € (faxo*xgaxQ)® <= (faxgxfaxq@)(z,v),q) 2 «

= faxq(@,q) N faxq(y,q) 2 a
= foxq(z,q) 2a  and  goxq(y,q) 2 a
€ fGxQ and Y € 9
= (z,y) € fExoX9txq-
Therefore ( faxQ*x9exQ)® = fExo*9Ex0- O

Proposition 5.11. Let faxq be a Q-soft subgroup of a group G. Then afg,.o = (afax@)® for every
a€G,qeQ and aec P(U).

Proof. Let x € G and g € (). Then
T e (afoQ)a — (afoQ)<$7Q) 2D a<— foQ(a_lwaQ> DN

= a 'z € [ = 1 € aféro-

Thus afG,q = (afax@)® O

6 Open problem

One can introduce and define the concepts Q)-soft coset, (Q-soft middle coset, characteristic Q)-soft subring
and generalized characteristic ()-soft subring of rings and investigate some of their properties and structured
of them as we did of subgroups.
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